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Abstract:-
In this paper, we apply the (G'/G)-expansion method based on three auxiliary equations namely, the generalized Riccati

equationG"(::':r+pG(:)+qG:(:), the Jacobi elliptic equation (& (£)) =R +0G (&) +PG (&) and the

second order linear ordinary differential equation (ODE) G () + 4G (2)+ 4G (2) =019 find many new exact solutions
of a nonlinear partial differential equation (PDE) describing the nonlinear low-pass electrical lines. The given nonlinear
PDE has been derived and can be reduced to a nonlinear ordinary differential equation (ODE) using a simple
transformation. Solitons wave solutions, periodic functions solutions, rational functions solutions and Jacobi elliptic
functions solutions are obtained. Comparing our new solutions obtained in this paper with the well-known solutions are
obtained. The given method in this paper is straightforward, concise and it can also be applied to other nonlinear PDEs
in mathematical physics.

Keywords:-The (G'/G) —expansion method; Exact solutions; Solitons wave solutions; Periodic solutions; the
Generalized Riccati equation; Jacobi elliptic functions solutions.
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INTRODUCTION
In the recent years, investigations of exact solutions to nonlinear PDEs play an important role in the study of nonlinear
physical phenomena in such as fluid mechanics, hydrodynamics, optics, plasma physics, solid state physics, and biology.
Several methods for finding the exact solutions to nonlinear equations in mathematical physics have been presented, such
as the inverse scattering method [1], the Hirota bilinear transform method [2], the truncated Painlevé expansion method
[3,4], the Backlund transform method [5,6], the exp-function method [7-9], the tanh-function method [10-12], the Jacobi
elliptic function expansion method [13-15], the (G'/G) -expansion method [16-20], the (G'/G,1/G) -expansion method
[21-23], the generalized projective Riccati equations method [24-26] and so on.
The objective of this paper is to use the (G'/G) -expansion method with the aid of Computer algebraic system Maple to
construct many exact solutions of the following nonlinear PDE governing wave propagation in nonlinear low-pass
electrical transmission lines [15,27]:
OV (x.t) &V
o

¥V ixa) LV (x.t) SEV(x.a)
-0 - =0,

2 2 2 - &
ot cr or o - 12 éx

(1.1)
Where are constants, while Fx1) s the voltage in the transmission lines. The variable x is interpreted
as the propagation distance and t is the slow time. The physical details of the derivation of Eq. (1.1) using the Kirchhoff's
laws given in [27]. Eq. (1.1) has been discussed in [15, 27] using a new Jacobi elliptic function expansion method and an
auxiliary equation method respectively, and its exact solutions have been found. This paper is organized as follows: In
Sec. 2, the description of the (G'/G) -expansion method is given. In Sec. 3, we use the given method described in Sec. 2,
to find exact solutions of Eg. (1.1). In Sec. 4, physical explanations of some results are presented. In Sec. 5, some

conclusions are obtained

o B oand &

DESCRIPTION OF THE (G'/G) -EXPANSION METHOD
Consider a nonlinear PDE in the form:

POYV.V.V_ V..)=0

(2.1)

where ¥ =V (x.1) is a unknown function, P is a polynomial in ¥ =¥ (x.f)and its Partial derivatives in which the
highest order derivatives and nonlinear terms are involved.
Let us now give the main steps of the (G'/G)-expansion method [16-20]:

Step 1. We look for the voltage ¥ (x.2)in the traveling form:
Filx )=V, <= -ﬁ?{x -t ),
(2.2)
Where “and @ are undetermined positive parameters, and  is the velocity of Propagation, to reduce Eq. (2.1) to the
following nonlinear ODE
HE V' W,.)=0
(23)

B . R A GV
where " is a polynomial of ¥ (<) and its total derivatives ()7

Step 2. We assume that the solution of Eq. (2.3) has the form:
ve)=3alS
o=l
(2.4)

G=G(5)

a, (i=12..N) : e ae 20 - .
Where constants to be determined later, provided “ and * satisfies the following three

auxiliary equations:
1) The generalized Riccati equation

G =r+pG(5)+gG ()
2) The Jacobi elliptic equation
(G (&) =R+QG ()= PG*(£)

3) The second order linear ODE
GO+ AG 5+ uG (=0, 2.7
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Where 7+ P-4 R.Q.P.4 404 4 gre constants to be determined later?

Step 3. We determine the positive integer Nin (2.4) by balancing the highest-order Derivatives and the highest nonlinear
terms in Eq. (2.3)

Step 4. Substituting (2.4) along with Egs. (2.5)- (2.7) into Eqg. (2.3) and collecting all the coefficients of
23 L =0.12.)

R for Egs.(2.6) and (2.7), then setting these coefficients to
zero, yield a set of algebraic equations, which can be solved by using the Maple or Mathematica to find the values of
a (i=012..N) r.p.g.R.Q. P ;g u

G (=052 g B3,

Step 5. It is well-known that Egs. (2.5)-(2.7) have many families of solutions obtained in [16-20].

Step 6. Substituting the values of =LL..N) r.p.g.R.Q.F.1

we have the exact solutions of Eq. (2 1)

and * as well as the solutions of step 5 into (2.4)

On solving Eq. (1.1) using the proposed method of Sec. 2

[G"
In this section, we apply the LG expansion method of Sec. 2 to find new exact solutions of Eq. (1.1). To this aim, we
use the transformation (2 2) to reduce Eq. (1.1) to the following nonlinear ODE:

|'%|.-C2r|- |

s +HES -k |V +eked - FkaeT =0
4::'_ | 12 4 | -
=k ; (3.1)
Integrating Eq. (3.1) with respect to & twice, and vanishing the constants of integration, we find the following ODE:
“‘ﬂ av (K -UW +aU¥V - UV =0.
12 d& (3:2)

where & =k and U=Fka
L
Balancing < wit: 7" sives ¥ =1 Therefore, (2.4) reduces to
|f I\I
5 E:'}=£2 +H:IEI: .
i (3.3)

BN

Where @ and % are constants to be determined such that % .

Exact solutions of Eqg. (1.1) depending on the Riccati equation (2.5)
In this subsection, substituting (3.3) along with the generalized Riccati equation (2.5) into Eq. (3.2) and collecting all the

- =0,21£2,+3.%
coefficients of G'(c). i=0.£122% 3.24) and setting them to zero, we get a system of algebraic equations fora ( =01
nPaY. and K . Using the Maple or Mathematica, we get the following results:

Result 1.
3 2 - I L P
JE 4a \':r-= __16:2 - '-":2 =|::|:a=_fa :.?'=|:|.
7 2e’ =98] pl2a —950 3pB
(3.1.1)
Substituting (3.1.1) into (3.3) yields
=3, a (G
(3.1.2)

_\{ 2 L[ 216a’s
where p'oida~9p) P2 -95) ] o <94 BP0 PO
With reference to solving Eqg. (2.7) [19], we deduce that the exact solutions of Eq. (1 1) as follows:

-,

_2af _cosh(ps)-sinh(ps)
3F.d +eosh{p)—sinh(pl) )
(3.1.3)
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d

i ]_ﬁ d+cosh(p )+ sinh(pZ) |
(3.1.4)
RESULTS
Ko 1—14,1:_ Ue 216’ _::a"=|:|=d:=2a-
2a (p"—4gr |-95p (2 (07— 4gr|-96p" ipf
(3.1.5)
Substituting (3.1.5) into (3.3) yields
. I G
r= 3pfl G |
(3.16)
| Mo’ | 216a’ 5

71,

Vjaﬁlp 4qr|—9,59 \Jua (p*—4gr|-95p7 )

where
20087\ p' —dgr | <960’ and 870
In this result, we deduce that the exact solutions of Eq. (1.1) as follows

s = AT
(lt;lz—-'kp‘}scch2 @;‘
(F): - \/ = j\
T 3pp : = '
P +4/p” —4gr tanh @g"
. 2 /) (3.1.7)

e r_pz—ilgr f\" 3
2 )

p
[:pJ —4gr |esch®
\

V(©)=-1or - S
3 2 _
"”*” p+mcoﬂ{E’ dar
N - . (3.1.8)
oy 207 ~dar) [ csci® ({7 —3g72 | + cseh ({7 ~4ar £ coth 7T —4are | |
T | o e com( o dare ) -esch(Yor darz)) |
(3.1.9)
QT -
Bpﬁcosh;l:qi'—pz +4qr.§j
r ‘ ) 3
. 1
i -
| Pt —4gr sin.h| é\}pz | pcosh| —p’ ——1:;?‘.* | ‘
PN e (3.1.10)
y (=P )
3p fsmh | —«,l‘—p +4gr |
( )
= 1 |
I - ..\ ] I — ..\' lE]
Jor=aar cosn| L [p—dqrc |- psian( L JpaarC | |
. e e (3.1.11)
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where p? —dgr = 0.

R

| a'lip 4qr|| 1+‘ran |—1.ﬂ—p +4grd | ‘

V(f)——
pﬁ —qli—p +4gr tan qul—p +4grs |—p|
(3.1.12)
Is I3 50
) cx{p:—Jrgr:]‘cot:|%-.,’—p:+4gr;J+l:;
Vi) =c——= —— S
3 ; (1 : 1)
PR\ PP +dgr cot| J\-p +dgr{ ||
“ A= vy
(3.1.13)
a(p’—4gr |

V&)=

L4

3p,3cos|:_ —p* +dgr s |

1
x - > > = |,
| J—p‘ +4qrsm:\ E.J[—p‘+-1-gr;_" _.:+‘D cas:\ Eﬁj—p‘ +dgrd | _

(3.1.14)

where p* —4gr =0

2 a(—sinh{pl}+cosh{pl})

? =
(=)= 3,8(0’ +cosh( pl | —sinh(pl :||
(3.1.15)
ad
v )_Elsmhl "!I+-:osh| II
£ e (3.1.16)
Also, there are manyv other exact seolutions of Eq. (1.1), which are omitted here for

simplicity.

Exact solutions of Eq. (1.1) depending on the Jacobi elliptic equation (2.6)
In this subsection, substltutlng (3.3) along with the Jacobi elliptic equation (2.6) into Eq. (3.2) and collecting all the

(G
L (i=0,12..0
coefficients of .. G(s) ) and setting them to be zero, we have the following algebraic equations:
G &) Fa— A
| - Fla =10,
G{ II,J 6"
| G((:} | —3fUa a +alla’ =0,
G1) ":—K ‘a0 +(K U +2aliag —3Uaa =0,
LGU )6 | |
. I:}| (K —LNa, +ala — fla, =0.
Gf G2.1)
On solving the above algebraic equations (3.2.1) using the Maple or Mathematical, we have the following result:
Koo S0 @ @ . & p_paoz
0’ =95 02 =98y 3 380
(32.2)
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o =0

where =
Substituting (3.2.2) into (3.3) vields

eoye @1y 1 (G {]}
© ?nﬂ[ &\e0 )]

where = [-— 9% |__s4a’p i, 20 <9f. f>0.
02" 955 Qo -9p)

With reference to solving Eqg. (2.6) [20], we deduce that the Jacobi elliptic functions solutions and other exact solutions

of Eqg. (1.1) as follows:

Case 1. Choosing F=-m" . 0=2m -1, R=1-m" ., and G({)=cn(l) . weobtain The jacobi elliptic
function solutions

e }__[ sc(i)dnt_f}}_
3 Ja2mi -1 | (32.4)
whfref=J— - 50{-. X —J - Dqﬂ-‘s =
(Zm =1 2a 955" (2m —12a —95Y
If m —1 |, then Eq. (1.1) has the kink =soliton wave solutions
F{&H=— [1 tanh( s }]
35 (32.5)

N J 6o J Sda
where 5= |- -t
N (2e- —'3‘;.’3}:: (2a” —95)

Case2. Choosing P=-1,0=2-m ,R=m -1, and G(J)=dn(l) , we cbtainthe 1, j0copi elliptic
function solutions _

af m cdii}sﬂ[i}}

387 Af2-mt [

u‘heref=J— - 6'?:. =X J S4a” £
) (2—m YW 2a -9515 (2—m ) 2a —Qﬁ}

If m —1 ,thenwe have the same exact solutions Eq. (3.2.5).
Case 3. Choosing P=1-m" Q@ =2-m" ,R=1, and G(£)=sc(S) . wecbtainthe yo Jacopi elliptic function
solutions

(3.2.6)

::(]__[— ds{) |
g enf s ]\ll | 3.27)

where S = J ,J .jdﬂs"l.ﬁ I .
(2—- {2& Qﬁjﬂ (2—m W 2a 985y

If m —0 ,thenEq. (1.1) has the trigonometric solutions

rr o _1+ 3&-:(,.?}4:5-:[..?}__
STl V2ol (3.2.8)

J j‘qu’ ﬁ !
(2o -E’ﬂ}ﬂ Ve -9py
If m —1 ,thenEq. (1.1} has the anti-kink soliton wave solutions

where &

V(&)= % [1£coth(2)],

v.‘here:’=J— _fn:r: X J "*-1-&,!5‘
) (2o -955° (2o’ —9;3]
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ig:l"f’”' R =%__ and G{5)=ns{5)Tes(S) . we obtain

Case 4. Choosing P =

the Jacobi elliptic function
solutions

rm——{ N2 |
3L NI=2m

(3.2.10)

where £ = J J IDE.-:r
(1-2m’ }Iifz—gﬁ A-2m" e -9p)

If m —0  then Eq.(1.1) has the trizonometric solutions

V(&)= % [1=47ese(8)].

(3.2.11)

J 103a°8
(2a° —9,{3}:} (2a° 9;'53'

Case 5. Choosing P=-1.0=2-m" . R=m -1, and G(&)=nd(5) ., we obtainthe 0 jacobi elliptic
function solutions

where £

2—m"

v )= [IM
36 (32.12)

o \( 6a:° ] J Sda’ §
where 5= |- = o -X — : - = .
) (2—m W 2a -9515 (2—m ) 2e 05y

If m —1 then we have the same exact solutions Eq. (3.2.5).

Case 6. Choosing  P=1-m"  Q=2-m ,R=1, and G(&)=cs(), we obtain the The Jacobi elliptic
function solutions

roo @ | ne(S)ds(E)
F(fy=— 1t —Z——== |,
-5 1|

(3.2.13)

u‘heref=J— ‘ -ISa':_ 1 J Sda ,-'3
S e v ey | [ v Y

If 0—m, then we have the same exact solutions Eqg. (3.2.8).
If 1—m, then we have the same exact solutions Eqg. (3.2.9).

Case7.Choosing P=m'(m —-1),0=2m -1, & =1, and G(5)=ds(5) ,we obtain

the Jacobi elliptic function
Solutions

v [ edus() |
) 3B 2m' -1 |

- 6o Sda’ B
where 5 =, |- o - X —
) (2m~ =12 —-95)5" (2m” -1)2a 9,.'3}
If m —1 | then we have the same exact solotions Eq. (3.2.9).
Case 8. Choosing P=(m" —1}:Q—J_—m R=
Solutions

—1.and G{J)=nd{J), we obtain the The Jacobi elliptic function

v ) Sﬁ[l_m cd{Jisd{ “ydn(Z) |

] (3.2.15)

o J 6o _ J 4’
where 5= |- - - —X — - - —f .
i (2—m )W 2a -95)5 (2—m )2a -98)y

If m —1 | then wehave the same exact solutions Eq. (3.2.5).

Case9. Choosing P="""2 g="*1 p_ 2l 4G(5)=msd(2)£nd(e). we N _
4 2 4 ’ : The Jacobi elliptic function
solutions
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F’[H}—— m ul"_cd{
3L Atew? (3.2.16)

where S =, |- -2 X — 103a f i
TN e iD2a —955 \m <D —95)

If m —1 , then we have the trivial solution.

1 L—2im” I . . .
Case 10. Ch FP== (0= A== _and G =032 ex(l) . we obtain th . . .
ase costng 4°= 27 Fiien () =ns()Ees(c) . we obtain the the Jacobi elliptic function
solutions
2
v@=2ie 250 |
L N1-2m (3.2.17)

where £ = J— - 12&. X —J 1_{]8’“ "8 t
(1-2m")2a’ —98)5 (1-2m")2a" —9p)°

If m — 0 . then we have the same exact solutions Eq. (3.2.11).

Exact solutions of Eq. (1.1) depending on the second order linear ODE (2.7)
Here, Substituting (3.3) along with the second order linear ODE (2.7) into Eqg. (3.2) and collecting all the coefficients of

G
G(5)) (1=0.1.2.3) Apg setting them to be zero, we have the following algebraic equations:

i”G 1

22 | a-Ufad =0,
LG 6

|g;:}| — K ia +Usgal —3U faa’ =0,

. Y
| G_{z]:' | %K ‘(2 +200) +(K ~Ua, + Waaa —3U f'a =0,

|g{:'| l—x»,m (K -Ua, +Uaa -U fa. =0.
LG (3.3.1)

On solving the above algebraic equations (3.3.1) using the Maple or Mathematical, we have the foIIowmg result:

- 2o’ - 216 8 o | A |
TG awee 9p) e hea 9P 3B\ YT in)
. 2
“ a4
(332)
Substituting (3.3.2) into (3.3) yields .
| ' 2 (GO
=) 315 .J/, —11:' :l.{?,f/ —4;:\‘3[:-],
(3.3.3)

-_ | 24e e 2160 3

- S —4u2a’ -98) (A7 =) 2e” —98Y o <96, F=0, s

At—4u=0.
With reference to solving Eq. (2.7) [16-18], we deduce that the hyperbolic functions solutions and the trigonometric
functions solutions as follows

Case 1.If * ~44% 0 then wwe have the hyperbolic functions solutions
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A sm.h| —<,||| —4-#,.. +d. cosh| 1.|'/ —dus |
V(@)= 1+
38 A, cosh' -.||r — 4 |—;I 3u1h| .,|'f —d s |

_‘I.iD:A,=(}:.f.}|:| =0 - i )
' ) and -1 (3.3.4), thenwe get thekuk_ o)jton wave solutions

-

I«’H——lta.uh—_'
(£) 350 :

(334
In particular, if we set

W27/ (3.3.3)
while, if we zet * =0.4,=0.2>0 and < 0 . then we get the anti-kink soliton wave gg|ytions
- - “-.'

7 II

< (33.6)

.__=J_ 2o’ I_J 2162
hee ~ N FEQa—9p) \FQE -9

Case 2. If AT —4u<l . then we have the trigonometric functions snlutions

oo 3= |- dysin 3= ||

L’t«:}=%1i; = : < Li=dH
3 .| ] 21k 1 : FE
i ,{:sm[‘:d-l,u—/, & |—.‘i:|:c:-sl Sdu— AL 1
| L2 r b 4o (337
A =ld 2l Azl w=0 4

V(&) =—=|1zcoth| £¢
(=55 1=ct{

[y

In particular, if we set (33.7) Then we get the same kink solution wave solutions

(3.3.5), while, if we set &~ 042 =0 4209 4=0

- then we get the same anti-kink solution wave solutions.
PHYSICAL EXPLANATIONS OF SOME RESULTS

In this section, we have presented some graphs of the exact solutions. These solutions are solution solutions, periodic
solutions and Jacobi elliptic functions solutions. Exact solutions of the results describe different nonlinear waves. For the
established exact solutions with hyperbolic solutions are special kinds of solitary wave’s solutions. These solutions have
a remarkable property that keeps its identity upon interacting with other. Let us now examine Figs. 1-3 as it illustrates
some of our solutions obtained in this paper. To this aim, we select some special values of the parameters obtained, for
example, in some of the solutions (3.1.3), (3.1.7) and (3.2.4) of the nonlinear PDE (1.1). For more convenience the
graphical representations of these solutions are shown in the following figures:

936

10 s s 10

Fig. 1 The plot of solution (3.1.3) when .a=2, b=2, 6=2p=1Ld=2.
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=0
| 03

i A RAR . / f

a=3,f=26+4a2,6 = 22 4y =

Fig. 3 the plot of solution (3.2.4) when
CONCLUSIONS
In this paper, we have solved the nonlinear PDE describing the nonlinear low-pass electrical transmission lines (1.1)
using the (G'/G) -expansion method with the aid of three auxiliary equations (2.5)-(2.6) described in Sec. 2. By the aid
of Maple or Mathematica, we have found many solutions of Eq. (1.1) which are new. On comparing our results with the
results obtain in [15, 27] using the new Jacobi elliptic function expansion method and the auxiliary equation method
respectively, we deduce that our results are different and new. Also, we have noted that our results (3.3.5) and (3.3.6) are

in agreement with the results (3.2.5) and (3.2.9) of Sec 3.2. Obtained in this paper respectively, when4=2. Further, all
solutions obtained in this paper have been checked with the Maple by putting them back into the original equations.
Finally, the proposed method in this paper can be applied to many other nonlinear PDEs in mathematical physics.
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