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Abstract:-

The geometry of surfaces of rotation in three dimensional Euclidean spaces has been studied widely. The rotational
surfaces in three dimensional Euclidean spaces are generated byrotating an arbitrary curve about an arbitrary axis.
Which should be using a type of matrices called matrices of rotation. But they are should be created by one parameter
group of isometry. On the other hand, the Minkowski spaces have shorter history. In 1908 Minkowski [1864-1909] gave
his talk on four dimensional real vector space, with a symmetric form of signature (+,+,+,-). In this space there are
different types of vectors/ axes (space-liketime- like and null) as well as different types of curves (space-like- time-like
and null). The relationship between Euclidean and Minkowskian geometry has many intriguing aspects, one of which is
the manner in which formal similarity can co-exist with significantgeometric disparity. There has been considerable
interest in the comparison of these twogeometries, as can be seen in the lecture notes of L’opez. In this manuscript we
produce different types of surfaces of rotation in four dimensionalMinkowski spaces. And then we will provide a brief
description of surfaces of rotation of 4D Minkowski spaces. Firstly consider the beginning by creating different type of
matrices of rotation corresponding to the appropriate subgroup of the Lorentz group, and then generate all types of
surfaces of rotation. The new work here is the spherical symmetric case which is nonabeliansubalgebra isomorphic to lie
algebra. This case is known by expectation.
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INTRODUCTION

The geometry of surfaces of rotation in three dimensional Euclidean spaces has been studiedwidely. The rotational
surfaces in three dimensional Euclidean spaces are generated byrotating an arbitrary curve about an arbitrary axis. Which
should be using a type of matrices called matrices of rotation. But they are should be created by one parameter group of
isometry. On the other hand, the Minkowski spaces have shorter history. In 1908 Minkowski[1864-1909] gave his talk
on four dimensional real vector space, with a symmetric form of signature (+,+,+,-). In this space there are different types
of vectors/ axes (space-liketime- like and null) as well as different types of curves (space-like- time-like and null).

The relationship between Euclidean and Minkowskian geometry has many intriguing aspects,one of which is the manner
in which formal similarity can co-exist with significantgeometric disparity. There has been considerable interest in the
comparison of these twogeometries, as can be seen in the lecture notes of L’opez [2]

In this manuscript we produce different types of surfaces of rotation in four dimensionalMinkowski spaces. And then we
will provide a brief description of surfaces of rotation of 4D Minkowski spaces. Firstly consider the beginning by creating
different type of matrices of rotation corresponding to the appropriate subgroup of the Lorentz group, and then generate
all types of surfaces of rotation. The new work here is the spherical symmetric case which is non-abeliansubalgebra
isomorphic to Lie algebra. This case is known by expectation.

In section two we give a background material for two parameter subgroups of isometry, also introducing the Killing vector
field which generate an equilibrium of vector spaces i.e. isometries on space. This shows the rotations and boosts in
different directions, Moreover, the infinitesimal generators of null rotations. Therefore, one can see the one parameter
subgroups of SO (3,1) representing the Lorentz transformation. And additionally seeking for generators of two parameter
subgroups of SO (3, 1) and classified the cases of “fixing Some axis” to have axis of rotation of all cases.

Section three will have types of surfaces of rotations are created by rotating an arbitrary curve ( mostly time-like curve)
around specific cases corresponding to the two parameter group of subgroups which fix axis. And then we have brief
description of the properties of the “family of” surfaces of rotations.

And section four we have an additional case of three dimensional sub algebra, which generate the group SO (3) acting on
two dimensional surface. This explains the spherical symmetric case. Which also generate a surface of rotation by rotating
a parametric sphere on the t-axis.

Two Parameter Subgroups of Lorentz Groups.

Introduction

The matrices of rotations in E* preserve all distances and all inner product are preserved. The analogue of a matrix of
rotation in M3 1 with standard basis ex,ey,eze:is denoted by M. The rotation matrices are replaced by Lorentz
transformation such that:

MTpM=n.
Where 7 is the metric matrix of 4D Minkowski space given by:
10 0 04
o1 0 0 \L

T™“lo 01 o J
WO 00 -1,
The set of all 4x4matrices which satisfies the property above is denotedby 0(3,1). If, in addition, det(M)=1 and M*4
<—1, we have the group of proper orthochronous Lorentz transformations, denoted here by SO(3,1).

Killing Vector Field
The Lorentz group is a subgroup of the diffeomorphism group of M3:1, and its Lie algebra can be identified with vector

fields on M31. In particular, Killing vector fields arethe vectors which generate the isometries on space. We can
immediately write down the general vector fields:

a . d d a
V= LV, 2 L) — LV, 2 L) — |: .V, 2, ) |: . V. 2, =
flxy. 2z }ar+ﬂlﬁx3 z Ja},+€r1 zt)—+rlry.zt)—
) : 8 .8 . .8 .
Where £(x. y.z.t) ra ylx. y.z.t) 5t {(xv.z.t) E&ﬂd tlx. y. 2. t) gare real functions.
. . . - . & . a8 a g
We are zeeking these functions E{x, y. 2. t) =t nlx vy zt) s {(x y.zt) Ear.cl (x.y. zt) e zuch

that, the vector field satisfies Killing vector field equation
gacVce;b +gcbVc;a =0

So, we have the general Killing vector fields given by:
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V=a(-y 0x+x 8y)+B(—20y+y 82)+y(—x 0z+2z 0x)
+ 38 (x 0c+t dx)te (y O+t dy)+e (2 Oe +t 02)
Where a,B,y,6,€ and gare constants.
It is clearly that, we have three rotations and three boosts in different directions. But it may be helpful if we consider the
infinitesimal generators of the null rotations which
Ny :.X'(at +az)+(t_Z)ax and Ny :y(at +az)+(t_Z)ay
Where Nx and Ny are the null rotations around the z=t axis, with axes of rotation x=0,t=zand y=0 ,t=z.

One parameter subgroup of SO (3,1) representing Lorentz transformation

By this we can recognise the one parameter groups of rotations of the other generators. But we will make use of the

following generators to obtain two parameter groups:

1- Two parabolic (null rotations in zt- plane) i.e. Nx and Ny.

2- Three hyperbolic ( we consider only the boost of Bz=(z 9: +t 3-)

3- Three elliptic ( we consider only the rotation around z-axis, which Rz =(—y dx +x dy) Now, we provide the
infinitesimal generatorswith given one parameter matrix group of rotation;

o One parameter subgroup of 30(3,1)
Type: the infinitezimal generator repregenl:iug Lorents tmflsfnn?gﬁnn
f1 0 -ao o
01 -z 0
e o
Ny = x(8; + 8;) + (t — 2)8 My=lea 0 1- 7 3
e " ) )
E 10 0 0
= 01 -o o
B . e o
Ny = y(0; +3;) + (1 — 2)d, Mp=10 & 1-— —
0 a -Z 142
2 2
/1 0 0 0
= 0 1 0 0
= =rzd a. Mz = . .
‘g By =(zd,+1d;) 0 cosh(®) =mh{
..% VOO0 smh( ) cosh(®))
L™
fcos(3) —=m(F) 0 0
4 M. — sin( 5y cos(®) O O
a%“ R,=(-yd,+xd,) T 0 0 Lo
= 0 a o 1)

Generating two parameter subgroups of SO (3, 1) which are analogue of rotations in E3

The sub-algebra of the Lie algebra of the Lorentz groups can be enumerated, up to conjugancy, from which we can find
the closed subgroup of the Lorentz group. See [3], chapter six for sub-algebra of the Lorentz group.

We seek two parameter group of subgroups of SO (3, 1) which are analogue of one parameter groups of rotation. But here
we are going to find a two parameter subgroup which fix (some axis of rotation).

Then we find two dimensional sub-algebra, and hence the corresponding subgroups.

Therefore, we have three cases:

Case(1) : Two parameter group fixing the null axis located in zt-plane given by : (0,0,1,1) . Substitute into Killing field
equation above, we find only {Nx Ny} is a closed sub-algebra and it is also Abelian.

So, the basis for this case is {Nx,Ny}, thus we have an Abelian subgroup of SO(3,1) Then Nx,Ny generate an Abelian
sub-algebra consisting entirely of parabolic. So, the matrices M1.M2 will make the rotational group of matrices for this
case..

Case (2): The Two parameter group fixing a space-like axis say the line given by (0, 1, 0,0) i.e. the yaxis. Substitute into
Killing field equation above again.

Unfortunately, there are no closed sub-algebra. So there is no two dimensional sub-algebra. But if we recall that Nx =Bx
—Ry ., we considerNx =Bx +Ry, then we see that {Nx ,Bz} and {Nx ,Bz} each span a two dimensional sub-algebra.

So, we choose {N« ,B:} as a basis. And we have a nonabelian subgroup of SO (3,1).
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Then {Nx ,B:} generate a non-abelian sub-algebra isomorephicto the Lie algebra if the affine group A(1), see[4]. In this
case the matrices of rotation are given by M1.Msor M3.M1, since this case is not commutative group.

The two products are different, however, for given M1.Msthere exist M’ 1.M '3 such that M1.M3=M's.M "1

Case (3): The two parameter group fixing a time-like axis is given by (0, 0,0,1). Substituting the axis of rotation in the
Killing vector field equation. This time again there is no two dimensional sub-algebra, see [[5] p 187].

Case (4): There is another two dimensional sub-algebra kown by classification [ see Hall’s book [3] p 163] in table 6.1
there are three groups of two dimensional sub-algebra. The first and second groups are equivalent to the cases (1) and (2).
And the third one is generated by boost and rotation which is here given by Rz,B.. Which is also an Abelian subgroup of
SO (3,1). So generate an abelian sub-algebra consisting of boost and rotation. So, the matrices M3.M4 will make the
rotational group of matrices for this case. But this group does not fix any axis, and so it is not a rotation about any axis.
But we can still investigate an invariant surface.

In fact, we have for this case a combination of two surfaces of rotation fromM?21 rotation around t axis and boost in
direction of z in the plane zt. Now we will use the three cases above to generate special types of surfaces of rotations in
Minkowski space.

Definition: The surface ZinM31 is called a surface of rotation if Zis invariant by one of the three cases of two dimensional
sub-group above.
3D Surfaces of Rotations in 4D Minkowski spaces

Surfaces of rotations generated by two parabolic subgroups.
This surface is generated by entirely (null) i.e. two null rotations, without loose of generality, we take the planar curve y
for this surface of rotation to be the intersection of the parameterization with x= y=0. Then assume that the curve y lies
on the zt-plane. Hence, it can be parameterized by:
y(w)=(0,0,z(w),t(w)),
wherez(w),t(w) are smooth functions. Also to ensure that the surface is regular, we require that, t(w)—z(w) is positive
function. Hence, the surface of rotation which will be denoted in this case by X1, around the line z=t,x=y=0. It can be
parameterized by:
I (w,u,v)=M1(u).M2(v).y(w),
So, this surface of rotation of this case is: _
f —u (W) + ui{w)
—ve(wi+vi{w)
) TR ) TR )
el w,uv) = (1-——-—)z(w)+ (5 +—)i(w)
voou, vooou
\ (——=- T] ziw)+(1+ -+ — (W)

- A

Which has a first fundamental form of:

Izs1=—0w +p2(W)0u + p2(W)0v
Such that z2(w)-t2(w)= —1 and p(w)= —z(w)+t(w), we may require that p(w)#0. So we can see that the first
fundamental form is parameterized by one parameter variable. And it has the signature of (-,+,+) everywhere, which gives
a Lorentz metric on it.

Surfaces of rotations generated by parabolic and boost subgroups.
This surface is generated by parabolic and boost subgroups. Again same procedure, we assume the axis of rotation is y-
axis and the curve — is parametrized by

y(w)=(0,y(w),0,t(w))
Where y(w) and t(w) are smooth functions. But because this case we do not have an Abelian sub- algebra, so we have
two parameterizations, we will produce both:

Surface generated by parabolic and boost:
This surface can be parametrized by:
22(w,u,v)=M1(u).M3(v) y(w)

So, the surface of rotation is given by:
i (—usinh{v)+ ucosh{)) i w)

¥ ()

((1—1/ 20" ysinh(v)+1/ 2u" cosh@))(w)
V(=1 207 ysinh{v)+ (1+ 1/ 207 Yeoshiy)) i(w)
Which has the first fundamental form of:
Is2=—0w +t2(w)e 273y + t2(w)dv

This is the first fundamental form of this surface. It is clearly that it has two parameter variables. Also it does have
signature of (-, +,+) which also give Lorentz metric on it.

7 -
9w, u ) =
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Surface generated by boost and parabolic:
This surface can be parameterized by:
X3(w,u,v)=Ms(a).M1(B) .y(w)

—uz(w)+ur(w)
—vz(w)+v I{u)

So, the surface of rotation is given by:

- 1“ EE" .
Tt wuv) = | (l-—=-=)2 {n}+{—+—}r{u)

= -

vooout
\{—?— 5 yz(w)+(1 +—+— )E(w)

Which has the first fundamental form of:

Is3=—0w +t2(w)e 2v0q +f3 t2(W)0adp + t2(w)(1+B2)dp
This is the first fundamental form of this surface. It is clearly that it has two parameter variables. Also it does have
signature of (-,+,+) which also give Lorentz metric on it. Furthermore, it is important to note that, the coordinates of
parameterization is not orthogonal. Since the first fundamental form is not diagonal in this case.

The relationship between the parameterization of £Zand X2
We may think that those two parameterization give the same surface of rotation but with different parameterization. So,
On equating both generators of two parameter group of isometries,

Ogp(0O).0p(0}) = Og(0).Oa(0O)

On equating all the isomatries we have:

Cr

1 —pgpo O—

An explicit calculation verifies that:
Og{0}. 0p(O0) = Og(O)}0g(0 O

Surface of rotation generated by boost and rotation subgroup:

Actually, there is not two dimensional subalgebra see [[4] p 87]. But there is another two dimensional sub-algebra known
by classification [see Halls book [4] p 163] in table 6.1 there are three groups of two dimensionalsub-algebra. The first
and second are equivalent to cases (1) and (2) respectively. And third one is generated by boost and rotation. Which is
here given by 2z, 22z So, this surface is generated by boost and rotation, without loose of generality, we take the planar
curve 2 for this surface of rotation to be the intersection of the parameterization with2 = 2 = 2. Then assume that the
curve y lies on the yt-plane. Hence , it can be parameterized by:

J(d -'-'- are smooth functions. And =(=Jis positive function. The surface of rotation which will be denoted in
this case by - = ]It can be parameterized by:
::(:, 0,0) = Og(O}. Og (0O} O¢a),

So, the surface of rotation is given by:

whered

{— sind v y(w)
coz{) yw)

ENO,0.00 =
) smh )i w)
\ cosh{i)i{w)
Now, require that =~ (Z) = 3 “(Z) = —Igp the first fundamental form of

Opp = —Og+ 05%(0)0z + 20105

Ht

In order to ensure that the surface is regular, we require=(=) = = = (L} This is the first fundamental form of this
surface. It is clearly that it has one parameter variable. Also it does have signature of (-, +,+)which also give Lorentz
metric on it. Finally, these are all types of surfaces of rotation embedded in 4D Minkowskian space. But finally we got
another type of two parameter groups of isometry. This case is knowing by expectation. The idea of this is taking a
parametric sphere which is also combine two parameter group of sub-algebra as we will see next.

Spherical Symmetric case

The rotations 2= 22 Iz are three dimensional sub-algebra, they generate the group of SO (3) and SO (3) acting on
a point gives a two dimensional surface. In fact, the surface of rotation is parameterized by fixing
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() axiz and the sphere of radiuz 2(2)1 the plane (x,y,z,t(w)). This makes like rotation of parametric sphere around the
timeE —CZ2O0.
This called the spherical symmetric case.
So, first, we know the sphere in - Parameterized by

DOy = (HRO(D) Doom), JOL(my Do ey, D

b R __I\_I_I. et R Al
In the spherical symmetric case we therefore have the parameterization:
( cos(u) zinv) z{w) |

cos(u)cos() 2(w)

Pt
I
L
I

L S—

ram g™ e
s ) (W)

;(1.-.']
Now, if we assume that the generator is time-like. Then we can assure that = - (01 - 0'89(3% = =T then we have:
g = —-05+ E:[Z}]: + :IEZ:(:Ij 07 (O)Og

This is the first fundamental form of this surface, which has the signature of (-,+,+) everywhere, which gives the Lorentz
metric on it. Also we can observe that the first fundamental form does have two variable parameter. Then we need another
parameterization of this surface. So of another conserved quantity, we choose

O¢ O. 0O a0o0frOohy . Oooroyooogro: ____f_:]___(_:]:l

=L Bl = i.-___'._.' it e e e e S e

Given by rotation around x-axix, this gives:
st cr ) Z(w)

cosize) cos(F) z(w)
cos{a) sl 51 z(w)
i{w)

And with the same calculation the same fundamental form is:

Opgn = -0+ 0%D)0g+ OOOYD) D (M)Og

The relationship between the two parameterizations-:: and 07 given on equating the whole entries between them,
on solving using matlab software, we conclude that the relationship can be given by

0 = 0000O00(0O00(O) 0oo(o)) luln O

N =000000monioy 0ooioy mlalnl O

=L e U

"""" l-.\.-': —r_::;-r__:;;;-iliiiii‘- ]

The interesting in this surface is that, it has the signature of (-, +,+) everywhere, which gives the Lorentz metric on it, and
it does have an orthogonal basis which orthonormal.

Conclusion and Future work

To sum up, any surface of rotation of 4D Minkowski spaces should generated by two zparameter group of isometry, this
analogues the surfaces of rotation of 3D Minkowski spaces. By the beginning we are seeking a two parameter group
which fix some axis of rotation. Which gotten by solving Killing vector field. Following we found three different types
of two dimensional sub-Algebra. These generate two dimensional sub-groups of isometry, analogue to rotations in 22.
These two dimensional sub-groups of isometries are used to parameterized three different types of families surfaces of
rotations embedded in 4D Minkowski space. Mostly they have an orthonormal basis on the first fundamental form.
However, one of the parametrization called¥Zdoes not have orthogonal basis. Also the surfaces parametrized by 22, X2
are in two variables parameter in the first fundamental form.

Straight forward the case given by the parametric sphere called spherical symmetric case, parameterizations X2and X2 are
in two variable parameter but it does have orthogonal basis, orthonormal basis, but it’s not Abelian.

This work opens many researching aspects, such as studying famous 3D surfaces if they are will act on SO(3) to make
two parameter groups of isometries, Moreover the thinking of the curves on the surfaces is valuable also. We think also
for classification of all surfaces of this type/ properties. And we study other properties; such as integration over the
surfaces. And CMC or minimal types.
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