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Abstract:-

To develop equations to calculate the half-life of lead isotopes theoretically and compare them with practical results by
assuming a simple mathematical model based on the probability of forming alpha particles inside the parent nucleus
before tunneling decay them. It is assumed that the presence of an alpha particle inside the nucleus has a Coulomb effect
dependent on the reduced mass of the alpha particle with the core, reducing the rest of the effects on the effective potential.
The effective radius depends on the mass number of the core and the cluster. The model assumes that there is a number
of collisions before tunneling decay, taking into account the existence of the potential barrier penetration coefficient,
which expresses the potential permeability of the potential barrier to the alpha particles within it. The model assumes
that the Gamow coefficient is dependent on the atomic numbers of both core and cluster, the reduced mass, and the effect
of the energy of the alpha particles and takes into account the value of the Coulomb effect.
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INTRODUCTION

In the beginning, the models that took into account the relationship between alpha decay half-lives and energy of alpha

particles for even — even nuclei are presented; Nearly a century ago, Geiger and Nuttall [1] found that the logarithm of

the half-life in alpha decay is inversely proportional to the energy of the outgoing alpha particle (i.e., the decay energy
1

Q.). A straight line was obtained by plotting the logarithm of the half-life versus v« for groundstate transitions of even
— even nuclei. Viola and Seaborg [2] generalized the Geiger — Nuttall law with additional adjustable parameters and
proposed a simple formula for alpha decay halflives of heavy nuclei. Parkhomenko and Sobiczewski [3] presented a new
version of the Viola—Seaborg formula for heavy and super heavy nuclei. Recently, the renewed interest in alpha decay
systematic has been stimulated by the unified description of various hadonic decays. A unified law (New Geiger—Nuttall
law) of alpha decay was proposed [4, 5]. Heavy nuclei tend to be unstable because of the Coulomb repulsion of the large
number of protons carried by it. As the alpha particle is highly stable and tightly bound structure, hence, it becomes the
natural choice of these heavy nuclei to get rid of some of its extra positive charges through alpha decay [6], we
phenomenological formula provided relationship connecting the half-life and the energy of the a-particles. A-decay
studies have been reliably used for providing valuable information about the ground state half-life, ground state energy,
nuclear spin and parity, shell effects, a-decay plays a significant role in the study of nuclear structure and in the synthesis
of new super-heavy elements. The Coulomb interaction between the two nuclei with is the first term taken from Ref.[7],
the interaction potential between the two nuclei can be written as the Coulomb potential, we focused only on the coulomb
potential to show how important it is in interpreting nuclei disintegration process by alpha particles(the simple theory of
a-decay). What is new in this work is that there is a significant difference between practical and theoretical results [8],
and this will be treated with a theoretical model to reduce this difference between practical and theoretical results.

1. Results and Discussion

The nuclear system consisting of the core nucleus and an alpha nucleus (Cluster) is actually an asymmetric nuclear
molecule [9]. Both nuclei are in the ground state and interact with each other through the nucleus-nucleus potential
[10,11]. Condensation of valence nucleons of the parent nucleus to a Cluster is accompanied by energy release, Q = tens
of energy in MeV. The amount of energy Q is converted to the oscillatory-motion of the light Nucleus-Cluster inside the
parent nucleus. Generally, Q is always much smaller than the exit Coulomb potential barriek] [V(r),of the parent
nucleus.The process of Cluster emission is a resultrof quantum-mechanical penetration through the V(r) of the parent
nucleus [12]. oo

(1) (2) (3)
Fig. 1

Alpha radioactivity proceeds in two stages, the first stage;formation of an asymmetric nuclear molecule (Nucleus-Cluster)
then the second stage is the emission of the formed Cluster (alpha decay process) [13]. The theoretical approaches to the
description of alpha radioactivity include consideration of both stages. The main difference between them is the
description of the alpha formation mechanism. In the adiabatic approach the nuclear molecule results from super
asymmetric deformation of the initial heavy nucleus. Figure 1 taken from demonstrates an example of how this stage
proceeds. In the non-adiabatic approach the nuclear molecule results from quantum fluctuation or quantum fragmentation
in the initial state of the heavy nucleus. As a result of the repeated collision of alpha particles with the potential barrier,
it is possible to penetrate it (see Appendix 1)
Ae= PafaT (1)

P defined as the probability of formation of the a-particle as a separate cluster inside the parentnucleus before the
emission process, the range of values should be, 0 < P»< 1, In our search we took a value of P, equal to one.

The number of collisions per second carried out by the alpha with the potential barrier depends on its velocity, which can
be found from the energy of the movement of the alpha particles, taking into account the value of the reduced mass of the
system, depending on the mass numbers of the core and the cluster, At maximum speed, the total energy of the system is
the sum of the two potential energy and the alpha particle decay energy, allowing the calculation of the velocity of the
alpha particles (see Appendix 1). In range is equal to twice the effective radius between them, and the frequency is:

’Z(Qa+V(r))CZ
N_o®

. (2
Zreff ( )

fa =
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The interaction potential between the two nuclei can be written as the Coulomb potential, we focused only on the coulomb
potential to show how important it is in interpreting nuclei disintegration process by alpha particles (the simple theory of
a-decay). The penetration of the alpha particles to the potential barrier depends on the ratio between the intensity of the
current wave and the intensity of the falling wave, showing that the probability at the edge of the potential barrier
decreases exponentially with increasing distance (see Appendix 1)

T,=e%¢..(3)
But l

n="2 4
%_Aa"'()

We arrive at the proposed final picture of the linear relationship between the half-lives of the matrilineal nuclei of the
nuclei - the maturation of the root of the dissolution of the energy of the alpha particles, (See Appendix 1)

1
Where logt1 =C |+—+C...(5)

a

2p
C, = Z.Zgme? ﬁlog[e] .. (6)

Zrefflnz

,2V(r)c2

It is similar in style to the famous Geiger and Nuttall formula. In this work we consider the alternate approach and present
direct calculations of the half-life of the heavy nuclei. The nuclei considered are the even-even isotopes of all known a-
emitters, starting from A, =178 up to Ap =194, and Z, = 82.

47 .7 > logle] ...(7)

2u
hZV( )

Heavy nuclei Pb (Z = 82) are unstable because of the Coulomb repulsion of the large number of protons inside it. Since
the a-particle is highly stable and tightly bound structure, for the reasons, it becomes the natural choice of these heavy
nuclei to get rid of some of its extra positive charges through o-decay. We phenomenological formula provided
relationship connecting the half-life and the energy of the a-particles. a-decay studies have been reliably used for
providing valuable information about the ground state half-life, ground state energy, nuclear spin and parity, shell effects,
a-decay plays a significant role in the study of nuclear structure and in the synthesis of new super heavy elements. The
comparison of our calculations and the experimental data [14-22] for typical nuclei is given in table (1). Comparing the
predicted half-life given by our formula model, for nuclei '"*'%4Pb, with the corresponding experimental data, one notices
that the results of our formula model are good agreement with experimental data. Therefore, the studies indicate that, the
formula model may provide an accurate description for the considered nuclei.

Table (1). Comparison of the calculated logarithms partial a-decay half-lives for even—even Pb nuclei with the
available experimental data. The frequency are also shown for nuclei.

Isotopes 18pg | 180pq | 182pq | 18ipg | 186pg | 133pg | 190pg | 192pg | 194pg
Properties O ) ] == | e sl

A 178 180 182 184 186 188 | 190 192 194

N 96 98 100 102 104 106 | 108 110 112

Q (MeV) 7.824 7.452 7.099 | 6.807 6.504 | 6.143 | 5.732 | 5.255 | 4.772

Fx10°!(sec-1) 2.67 2.74 2.72 2T 2.7 269 | 267 | 2.63 2.68
LogTi12(Theo.) (sec) |-3.924 | -2.384 |-1.246 | -0.218 | 1.002 | 2.433 | 4.253 | 6.544 | 9.782
LogT12(Exper.) (sec) | -3.921 | 2377 | -1.251 | -0.213 | 1.083 | 2.431 | 4.250 | 6.551 | 9.945
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Fig. 1. The logarithms of experimental and theoretical partial a-decay half-lives (in s) for the even—even Pb
nuclei with neutron number 96 < N <112 as a function of Q 2 (in MeV~'2), The straight lines show the
description of the formula law with C; and C: values fitted for nuclei.

Figure 1 shows the results obtained with the formula of Eq. (5). By comparing it with Table 1, one can see that although
a smaller number of adjustable parameters (two) used by the formula, it suitable describes measured half—lives]OgT%.

Comparing theoretical with experimental data, one can observe that the quality of description of logTy by the formula is
quite similar to that of the GN formula which uses two fitted parameters.

3. Conclusion

we have evaluated the alpha decay half-lives of Pb (Z = 82) isotopes in the region 178 < < 194 within the Coulomb
Potential Model (CPM) of our formula, for all the transitions with minimum angular momentum transfer (I = 0), have
analyzed the behavior of these isotopes against alpha decay and thus have verified the role of neutron shell closure N =
126 on the alpha decay half-lives. We obtain approximately the half-lives and the frequencies.
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Indexes
Theoretical Description of a —Particles Emission alpha particles emission relies on calculating the rate of emission rate
of emission = decay constant = A« decay constant is product of frequency factor and transmission coefficient

la:faTa (1)
But, additional factor should be multiplied by equation(1), is probability of preformation of a —particles inside the parent

nucleus (Pq).Pq defined as the probability of formation of the a —particle as a separate cluster inside the parent nucleus
before the emission process the range of values should be, 0 < Py <1.

Aa: PafaT (2)
In our search we took a value of P, equal to one.
Aa=foT ... (3)

Frequency (The assault.1 frequency of the a-particle at the barrier) :
Vir) 4

Vol —]

Alpha particle (cluster) is moving inside unstable nucleus distance is twice distance between two centers of cluster and
(core) residual nucleons of parent nucleus distance = 2refr ... (4)
1 1

Where, 19 is ideal radius, Ac, Aa are mass numbers of cluster and core nuclei, respectively.
Alpha particle (cluster) have kinetic energy

1 2
KE, = Euva ..(6)
Where, K is reduced mass of cluster and core nuclei
M(;Md
T ()
Mc +Md
2KE,
v = ..(8)
u
2KE,
U=V (9)
g \Lchv'.- of the nucleus
i.. ©
At maximum velocity of cluster nucleus, At vy
KE«=E ... (10)

Er=Qa+(r) ... (11)

Where, Qa, V(r) are kinetic energy of cluster and potential well respectively
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E, =0, +V(r) ..(12)
por = [2QAVO) g
\ H

Time to cross unstable nucleus (parent nucleus) is te

2r
t, =—1IL  (14)

pmax
‘a

But, how many times the a-particle (cluster) hit barrier per second or knocking rate? The answer to this question is to find
frequency

1
fa =7 - (15)
a
max
16
fa Zreff ( )
Jz(Qa + V(r))C?
u
fou = T . (17)

Transmission Coefficient: .2

T« defined as the current density (flux) in region 1] of incident wave to the current density (flux) in region I of incident
wave. 2-1. Time — independent Schrodinger Equation:
2

——V2Y + V¥ = E¥ ..(18)
2 2

2
2 4
Where E =Er,V= (r)1 distance between cluster and core, and" ~ dr2 (in one dimension 1), ¥=¥ (r)

h
——T2(M¥ () + V()P ()

2p
= E;¥(r) ..(19)
2 dZ
—ZFWO‘) +V(r)¥(r)
= E;¥(r) ..(20)
2p
Multiplied by equation(20)  #2
d? 2u
172 —SY0) - V(r)‘l’(r)
2u
— 2 ET‘P(r) - (21)
d? 21
172 —¥Y(r) = V(r)ll’(r)
h‘z‘ Er®(r) ..(22)
2 2
el OEEl

—VMI¥(r) ...(23)

f\‘ O A e
/

Qa

Divide space into three regions 2-1.a. In region I:
Let

2L [Ep — V()] = k2

h2 ’ is wave
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Number

k

2p
LB V(] . (24)
ET > V(T) ie. ET >0

k Real
dZ
m‘l’,(?‘) = _kijl(r) (25)
d2
WW[(T‘) + kij[(r) =0 .. (26)

Multiplied by equation (26) i%, i?=—1 d2
?—W¥,(r) +i%k*¥,(r) =0 ...(27)

dr?
dZ
—5 ¥+ i2k2¢,(r) = 0 ...(28)
Multiplied by equation (28) —1 ,
d
=¥ - i2k2¥,(r) = 0 ...(29)
d2
[ﬁ - izkzl w,.(r) =0 ...(30)
(=) G v ie)]»
[dr_L dr+l ] 1™

=0 ..(31)
Either

(dir — k)%, =0 ..(32)

d
E‘l’,(r) = ik¥;(r)...(33)

dv(r) .
¥ (r) B

da¥,(r) -
Jd%({)) = f ikdr ...(35)
\r) .
j W) ijdr...(36)

av,(r) .
f ) kadr...(37)

InW(r)=ikr+Ci ... (38)

Separation of variables

ikdr ...(34)

Integration

Where C is constant of integration
[Ij](r) — eikr+Cl (39)
W, (r) = e“1ekr . (40)
Y (r) = a;et ... (41)
¥,_,(r) = incident wave ...
Or

(% + ik) W,(r) =0 ...(43)

Separation of variables

d

a¥;(r) .
) ikdr ... (45)

Integration
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dv,(r) [
qu;’,(g)) = flkdr ... (46)
i\r) .
J Ty =tk

fdw,(r) ~kfd )
—_— =1 ..
¥ (r)

InY¥(r)=-ikr+C,... (49)
Where C; is constant of integration

Y(r)=e—ikr+C2 ... (50)

Y(r)=eC2e—ikr ... (51)

Y(r)=bie7ir ... (52)
Y, (r) = reflection wave ...(53)

The solution of equation (26)
Yr)=¥i.(r)+¥i(r)...(54)

Y(r) = a eikr+ble—ikr ... (55) ¥1(r)
Is traveling wave ai, br are complex coefficients 2-1.b. In region II:

ET <(r) i.e. Er<0 k imaginary
Ky = ik ...(56)

e
ky=1i F[ET -V ...(57)

2p
ky = ’F[V(r)—ET] ..(58)

Equation (26) become

2
%'P”(r) + klzlpu(r) =0 .. (59)
kq
k== . (60)
ky i
k==t (61

k =—iky ..(62)
the solution of equation (59)
Yi(r)
= ane(—ik"Yyr+bune—i(—ik")r ... (63)
YI(r)=alleklr+blle—klr ... (64)
Yi(r) is standing wave
ai, b are complex coefficients 2-1.c. In region I11:
E 1>(r) ie Er>0
E  kreal

Equation (26) become
2

d
W’*"m(r) + k¥ (r) = 0 ...(65)
the solution of equation (65)
Yiu(r) =¥u(r) ... (66)
YIii(r) = amer ... (67)
Yi(r) is traveling wave
air is complex coefficient 2-2. Probability Density: .
[#|> defined as number of particles traversing unit area perpendicular to Va ( in any direction) in unit time, |[¥¥*|
2-2.a. In region I:
probability density of incident wave defined as
¥ M1 = ¥ MPLM)] ... (68)
Wi = aleikrale=ikr] ... (69)
[Pim(r) = |a?e’ ... (70)
Pin(MP=la? ... (71)
2-2.b. Inregion I1I:
probability density of incident wave defined as
[PII—(r)2
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= W)W ur -(r)| ... (72)
[PII—(r)]2
= |allleikrallle—ikr| ... (73)
[PIHI—(r)2 =|alll2 e0| ... (74)
Yo (r)P=|au?]| ... (75)

2.3. Particle Current Density (Particle Flux):

awir) daw*
S OEE-we) 2
S defined as 5= **
2-3.a. In region I11I:
From equation (67)
d¥yy (1) ;
——— = ika; ™ ...(76
dr I (76)

"f;}r(?") =aqe™™ .(77)
d¥p (1)

d‘]" = _ika”ffp’_ikr (78)

transmitted probability particle current density is
Stransmitted

h d¥,
zm[ ey Lo 111(7‘)
—wm(r)#()] ~(79)
Stransmitted

h . .
— 2_ [a”le—lkr(ikamelkr)

— ay e (—ika;e~*)] .. (80)
Stransmitted = m [ikalzll
+ ika?,] ...(81)

Stransmitted = Wafll (82)

— 2
Stransmitted - 7 amp - (83)
But, momentum is pve«= k#h
— a 2
wv Stransmitted - 7 4577 (84)

Stransmitted = vaalzll ... (85)
2-3.b. In region I:

From equation (41)

dq,l—»(r) . i
T = lkalélkr (86)
VL) = ae ™ .(87)
aw
(Ii—r = —ika,e”*k" ... (88)

Incident probability particle current density is
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Sincident
_ h T ( )dLPl_,(r)
T 2iu| 7 e

dw;,
NG &—r(r)l ..(89)

Sincident
=% [a,e~ " (ika,e™ ™)

— a;e™*"(—ika;e*r)]| ...(90)

h

s = " ik 2

tincident m a;
+ika?] ..(91)
2ikh 5

Sincident = 2l ai ..(92)
kh

Sincident=7a1 ..(93)

Auva 2
Sincident = 7 aj

Sincident = Uaa}z (95)

.. (94)

From equation (85) and (95)

Stransmitted
Tp= =g ..(96)
incident
2
VaQjqg
T, =——= ..(97)
Ve Q]
2
an

T, =— ..(98
a 12 (98)
2.4. Determination Complex Coefficients ai, am:

lPandi‘I’

Rule: dr = are continuous at v = 0 and r = [, where [ thickness of barrier.

24.a.Atr=0:
Boundary barrier
Y(r=0)=%¥u(r=0) ... (99)
Yo(r=0)+¥Y(r=0)
=¥i(r=0) ... (100)
ale0+ble0 = alle0+blle0 ... (101)
artbr=airtbr ... (102)

d¥,(r =0 d¥y =0
1(671; )= 1 (r ) ..(103)
dqjl—)(r = 0) dl{ll(—(r = 0)
+
dr

.. (104)

Derivatives

dr
aw,(r =0)
B dr
ika,eo—ikb,eo
= —kya;;€°+k. b, e ...(105)
ika —ikb = -k a +k b .. 1061
24b. Atr=1:

Boundary barrier
Yi(r=0)=¥Yu(r=1) ... (107)
Yir=0)=Yu_(r=1) ... (108)
alle—kll+bllekll=allleik ... (109)
Derivatives
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dl.IJ” (T = l)

d‘gr [
= M ..(110)

—kya, e ¥tk by ekt
= kagett . (111)
These equations (102), (106), (109) and (111) contain five amplitudes system of linear these equations
artbi— an—bu+0am=0 ... (112)
ikal-ikbl + klall-k1bIl + 0all=0 ... (113)
Oal +0bl + e—kllall + ekllbll
—eiklan=0 ... (114)
Oal +0Obl — kle—kllall + klek1lbIl

— ikeklay;
=0...(115)
Solving this system by forward eliminations coefficients matrix B

1 1 -1 -1 0 |

ik —ik k, -k, 0

0 0 e et ¥
|0 0 ~ke™ ke - ;r'ﬁce*"-_
...(116)
multiplied by (—ik)R; + R, in matrix
11 -1 -1 0 ]

0 —2ik (k +ik) (k-Fk) 0

O D e—ﬁ' i er‘f;f == efi.:
00 —ke™ ket —ike™ ]

52:(11T)
multiplied by kyR; + R, in matrix
1 1 -1 -1 0

0 =2k (& +ik) (ik—F) 0

0 0 e-.‘:; Q-'.', _e:i&.

0 0 0 2k -l +ik)e™

L {118)

In the following can be written system
a;+b; —ay—by +0a;; =0 ... (119)
Uﬂ;—Zikbf + (k]_ + Lk)a;;—l—(lk
— ky )by + Oayy;
=0 ..(120)
Oa; + 0b; + e *ala; + e*1lhy,
—elklg,
=0 ..(121)
Oa; + 0b; + Qay; + 2k, e™'by,
— (ky +ik)e™ay,
=0 ..(122)

Number of equations less than number of unknowns
There are infinite number of solutions suppose new variable let

Ay =T .. (123)
From equation (122) )
2k eFiiby — (ky + ik)e™ 'z
=0 ..(124)
2k,e*itby = (ky + ik)e™1 ... (125)
(ky + ik) et
= 2k, ekl

T ..(126)
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ky t ik

= (k=koly . (127
1 2k, e T ..(127)

From equation (121)
e~klg,, + ekil (ky + ik) o lik—ky)lLy
2k,
—eklr =0 ..(128)
(ky +ik) .,
a; + ekl [—12/(1 e(lk kl)l‘[
_ plik+kly
=0 ..(129)
(ky +ik) .
ay; + [z—kle(uwk])l.[

_ plik+kylg
-0 ..(130)
a; + [—(k1 tik) _ 1] e(ik+kly

2kq
=0 ..(131)
(ky + ik) 2k1] .
a, + |——— e(lk+k1)l.[
1 2k, 2k,
=0 ..(132)
ki + ik — 2k .
a; [ 1 T 1] e (ik+k)ly
=0 ..(133)
ik — ki1
(ik+ky)l
2k, ]e o

=0 ..(134)

ky —ik] .,
a; = |= ]e(’k”‘l)lr ...(135)

From equation (120) 2ky

—2ikb,
(ky —ik)(ky + ik) plik+ka)ip
2ky
(ik — k) (ik + kq) e[,-;f_;.:l)ir}

+

2k
=0 ..(137)
s
U 4ikk,

_kz _ kE )
— 1—9(”*—’*0%] =0 ..(138)

E[z’k+k1)ET

4ikky
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o (ihethey )

ki +k?
' Taikk,

n i
4ikk

T

e (ik—ki)l T:l
1

—0 ..(139)

by
[k +E?
| 4ikk,
[+
4ikky
From equation(119)
a; = ay+by—b;
ar
_ Ky — ik
2k
ki +ik
2k,
ki +E®
4ikky
K2+ E*
=
4iklky

2

p(te+ky )l
(tk—ka)l g

gtk )iy

8(_1’3{—&'1]!1—

e (=)l o

e [z’k+k1]£I]

... (140)

..(141)

.. (142)

[kl —ik  kiI+k?

l o ik+k )l

2k, 4ikky
ky + ik
2k,
ki+EY]
S leﬁk_kﬂir - ()
a; )
) 2
_ 2ikky + 2k? — (ki + k2) o (ikticy) 1
4ikky
. 2 2 2
2ikky — 2k + ki + K elik—ki)le
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