
 

20 
 

  EPH - International Journal of Applied Science   
                                                                                                                                                                           ISSN (Online): 2208-2182  

                                                                                                                                                                 Volume 07 Issue 01- March, 2021    

 

  

CORRELATION FUNCTIONS FOR LOTKA-VOLTERRA MODEL   
  

Suzan. A. A. Abu-harbid1*, Abdulrahman. A. El-samman2 and Safaa. S.M. abu-amra3   
*1Mathematics Department.  Science Faculty. Omar Al-Mukhtar University. Al-guba-Libya   
2Mathematics Department.  Science Faculty. Al-Azhar University. Cairo-Egypt   
3Mathematics Department.  Science Faculty. Omar Al-Mukhtar University. El-Beida-Libya   

  
*Corresponding Author:-   

E-mail:- Sanasuzansana73@gmail.com   

 
  

Abstract:-    
This work is about studying biological system interactions which founded in two types. Also it is one of modeling topics 

that based on the use of non-linear ordinary differential equations. Consequently, the mutual affect between the interactive 

groups is estimated. In addition the elements of the same group to chronological correlation functions are of second order 

form. Therefore, the reflection of mutual affects is due to the existence of the set of solutions. First we choose a simple 

model of single species of biological system, where we can get the solutions of the governing equations. And then calculate 

the correlation functions related to the solutions. After that we study the evolution of the lotka-volterra interacting model, 

then we get the solutions of nonlinear system by approximated method, and evaluate the correlation functions.   
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INTRODUCTION   

As Kapur [3] says in winding and deepening the scope of mathematical biosciences, we are not first restricted to the use 

of mathematical techniques already known. In fact, one role of mathematicians interested in biological and medical 

problems is to evolve new mathematical methods for dealing with the complex situations.  Kapur [4] analyzed the stability 

of continuous and discrete population models, in his work, he examined the stability of models for interacting species 

with same points of equilibrium, using difference equation system. In [5, 6 ] it were studied moments for some general 

birth death processes, determined the moments of all  orders  for  the  probability  distribution  of  ultimate  size  of  the  

population  the generalized  birth  and  death  processes  with  twin  birthsusingthe  difference  equation technique.It  had  

been  shown  in  [7]  that  equilibrium  point  for  predator-prey  models with  discrete  time  lage  is  always  unstable.The  

use  of  hypergeometric  functions  to generalized  Birth  and  death  processes  is  given  by  Kapur  in  [8]  he  enumerates  

the number of possible relations between probabilitiesof ultimate extinction of birth and death processes.In another paper 

[9] titled some mathematical models for population growth, itdecided  one  of  the  most  successful  models  for 

explainingthe  growth  of populations of bacteria and even of humans is the so-called Logistic model all orders for the 

probability distribution of ultimate size of the population the generalized birth and death processes with twin births using 

the difference equation technique. It had been shown in [7] that equilibrium point for predator-prey models with discrete 

time lage is always unstable. The use of hypergeometric functions to generalized Birth and death processes is given by 

Kapur in [8] he enumerates the number of possible relations between probabilities of ultimate extinction of birth and death 

processes. In another paper [9] titled some mathematical models for population growth, it decided one of the most 

successful models for explaining the growth of populations of bacteria and even of humans is the so-called Logistic model.   

  

The combined use of game theory and modified volterra equations in describing the population dynamics is treated by 

Kapur [10] he concluded that volterr’s system of differential equations for n interacting species has been modified and it 

is shown that the modified system is equivalent to the system of cubic differential equations obtained earlier for animal 

conflicts from considerations of theory of games. In his study of nonlinear continuous- time discrete- age- scale population 

models, he showed that whenever the corresponding linear model predicts exponential growth, the nonlinear model gives 

a stable equilibrium age-distribution [11]. The study of the effect of harvesting on competing population. he showed that 

for the simplest competition model for two species there are four nondegenerate possibilities for ultimate behavior 

according as (i) the first species alone survives, (ii) the second species alone survives, (iii) the two species coexist, in 

stable equilibrium and (iv) the two species coexist in unstable equilibrium, and the survival of first or second species 

depends on the initial population size [12].   

  

The optimal foraging and predator-prey dynamics by Vlastmil K-Řivan in [13] is treated for a system consisting of 

population of predators and two types of prey. The dynamics is described by differential equations with controls the choice 

of these controls is based on the standard assumption in the theory of optimal foraging which requires that each predator 

maximizes the net rate of energy intake during foraging. The proposed a model to describe the interaction between a 

diseased fish population and their predators he analyzed the stability of equilibrium points for a large range of parameter 

values, it established the existence and uniqueness of solutions and found that the solutions are uniformly bounded  for all 

non-negative initial conditions [14]. In model which is proposed by chattopadhyay and Bairagi predicts that a deadly 

disease and predator population cannot co-exist [14]. In [15] manipulated the spatial dynamics and crosscorrelation in a 

transient predator-prey system. It was found that during the exponential population growth, beetles were generally strongly 

negatively cross-correlated with the prey at local spatial scales. It simulates the partiallyextended interactions in predator-

prey coupled map lattice model and used this model in investigating the effects of global and local prey reproduction, in 

the presence and absence of global stochasticity, on predator and prey spatial structuring and crosscorrelation.   

  

The effects of correlated interactions in a biological convolution model with individual-based dynamics is a research given 

by [16]. In his study it recognized, models of biological convolution in which a species is defined by a genome in the form 

of a finite bitstring, and the interaction between species i and j are given by a fiseed matrix with independent, randomly 

distributed elements Mij. This means that species whose genotypes. Differ even by a single bit may have completely 

different phenotypes, as defined by their interactions with the other species. [17] Introduces the concept of coherence into 

the predation of biological system through his work titled on the influence of noise on the critical and oscillatory behavior 

of a predatorprey models: coherent stochastic resonance at the proper frequency of the system. In [18] introduces 

variational iteration method for solving multispecies lotka-volterra equations. And [19] studied a modified algorithm for 

approximate solutions of lotkavolterra systems. While [20] has proposed utility functions and lotka-volterra model: A 

possible connection in predator-prey game. Susmita paul [21] introduces numerical solution of lotka-volterra prey predator 

model by using runge-kutta fehlberg method and laplace a domain decomposition method. Yigit Aksoy in [22] he 

discussed application of perturbation-iteration method to lotka-volterra equations. Noura taher in [23] studied analysis of 

hybrid dynamical systems with an application in biological systems.   

  

This paper is about studying biological system interactions which founded in two types. First we choose a simple model 

of single species of biological system, where we can get the solutions of the governing equations. And then calculate the 
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correlation functions related to the solutions. After that we study the evolution of the lotka-volterra interacting model, 

then we get the solutions of non-linear system by approximated method, and evaluate the correlation functions.   

  

LOGISTIC MODELS   

The logistic models are based on a Logistic equation defined as follows:   

Let x (t) be the population at time t; b and d be the intrinsic or specific birth and death rates, respectively. This leads to 

Malthus model (1798) [3]:   

  
when b , d and a are constants, by integration we get:  

  so that the population grows 

exponentially if a >0, decays exponentially if a <0, and remains constant if =0. In general, b is a monotonic decreasing 

function of x and d is a monotonic increasing function of x so that a is a monotonic decreasing function of x.  

  
The simplest case arises when   

  
Integrating (2.6) we obtain  

  

Increases to a limiting population  

 The final population size  

in any case is a/c, and since   

  
Fig. 2.1Logistic curve  

  

  
there is a point of inflection in the population growth curve when half the final population size is reached. From (2.7), the 

point of inflection occurs at time:  

  
If x (0)> a/ (2c), there is no point of inflection.  

  

  

  Logistic   model    

  

  i s always satisfied  and birth rate always remains positive, Thus we shall assume that   

  

  

  

  

  

Changes   from an increasing to a decreasing function  so that  

size a/c.  
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Generalized Logistic Models  

This model is a member of class of models which gives sigmoid growth cure with a limiting population size and a point 

of inflection. In model:  

  

n general, be a continuous function which is positive at x0 and negative at k and, therefore, it 

will at vanish 

some point 

between x0 

and, k. Hence a necessary condition for the existence of a point of inflection is that.  Generalized logistic model with  

  

Another generalization of the logistic model of some interest is given by:  

  
so that ln x satisfies a linear differential equation. Integrating (2.1.8) or (2.1.9), we obtain the Gompertz growth law  

  
  

Evolution Equations and Solutions of the Generalized Logistic Model 

In the generalized logistic model we have:  

  
  

Correlation Functions  we shall select the generalized logistic model to compute the pair-correlation function associated  

with its solution, then  

  

  

  

  

  

  

  

k   gives limiting size of the population. \   

  

  

    also   

  

  

a  limiting size k   and   a point  of inflection at   (2.1.5)  is satisfied and :   
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evaluate that function for Pearl-Verhulst model as a special case when  For 

the generalized logistic model from equation (2.2.2) we have:  

  
  

Iterative Solution of Lotka-Volterra Model for Two Specie Systems In 

Lotka-Volterra model the basic equations can be written as:  

  

Substituting (3.2) into (3.1) then neglect the terms containing powers of   greater than or equal to 2 we have   

  
In matrix form equation (3.3) take the form  

  
We shall solve the equation   

  
Assuming that:  

  
Leads to the set of linear algebraic equations:  

  
Which determine the eigenvalues and eigenvector of A  

From equations (2.3.1), (2.3.2) and by definition in [1, 2] we can  calculate     
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The roots are:  

  
Form (3.8b) into (3.6) can be obtain the eigenvectors   

  
Substituting Form (3.9a) into (3.5a) we have:  

  
The general solution of the equation (3.5) are:  

  
Form (3.9c) into (3.2) we have:  

  
Form (3.11) into (3.6) can be obtain the eigenvectors  
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Substituting Form (3.11a) into (3.5a) we have  

  

  
Form (3.13) into (3.6) can be obtain the eigenvectors:  

  
Substituting Form (3.13a) into (3.5a) we have  

  
The general solution of the equation (3.5) are:  
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Into   (3.2)  we have :   

  

We can treat the nonlinear problem   iteratively considering     rom three cases as a 1 st   approximation   

then  the 2nd iterative solution can be obtained from     

  

  

Second - Order Correlation Functions   

To evaluate the pair correlation  function  between     

  Sec   3  we shall evaluate each expectation value  of    f(t)   
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In case (2): From equation (3.12) we have  

  

   
In case (3): From equation (3.14) we have:  
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From definitio n  in [1 , 2 ]  we can calculation and calculation   for  
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CONCLUSIONS   

This paper is devoted for studying a simple model of single species of biological system, where we can get the solutions 

of the governing equations. And then calculate the correlation functions related to the solutions. After that we studied the 

evolution of the lotka-volterra interacting model, then we got the solutions of non-linear system by approximated method, 

and evaluate the correlation functions.   

   

  

  

REFERENCES    

[1].M.H Mahran, A-R.A. El-Samman and A-S.F. Obama: Quantum Effects in the Three Level Two-Mode System, J. 

Modern Optics, Vol. 36, No.1, 53- 65, 1989.   

[2].A- R.A. El-Samman: Quantum Fluctuations of a 3-level. V-Shaped Atom + MultiPhoton Two-Mode Field (III) 

Coherence and Reduced Quantum Fluctuations, AlAzhar Bull.sci. Vol, 6, No.2(Dec). Pp.1451-1466, 1995.   

[3].J. N. Kaput: Mathematical Models in Biology and Medicine, Affiliated East- West Press Private Limited New Delhi, 

1992.   

[4].J. N. Kapur: Stability Analysis of Continuous and Discrete Population Models, Indian J. Pure Appl. Math. , Vol 9 pp 

702-08, 1976.   

[5].J. N. Kapur: Moments for Some General Birth and Death Processes, Jour. Ind. Acad. Maths, Vol 1 pp 10-17,1979.   

[6].J. N. Kapur, Umakumar:  Generalised Birth and Death Processes with Twin Births, Nat Acad. Sci. Letters, Vol 1 pp 

30-32, 1978.   

[7].J. N. Kapur: Predator-Prey Models with Discrete Time Lags, Nat. Acad. Sci. Letters, Vol 2 pp 237-75,1979.   

[8].J. N. Kapur: Application of Generalized Hypergeometric Functions To Generalized Birth and Death Processes, Indian 

J. Pure Appl. Math. Vol 9 pp  1159-69,1978.   

[9].J. N. Kapur , Q.J.A. kahan: Some Mathematical Models for Population Growth Indian J. Pure Appl . Math., Vol 10 pp 

277- 86,1979.   

[10]. J. N. Kapur, F. N. A: Population Dynamics Via Games Theory and Modified Volterra Equations, Indian J. Pure Appl. 

Math, Vol 11 pp 347-53,1980.   

[11]. J. N. Kapur, F. N. A: Nonlinear Continuous-Time Discrete-Age-Scale Population Models, Indian J. Pure Appl. Math. 

Vol 11 pp 682-92,1980.   

[12]. J. N. Kapur: The Effect of Harvesting on  Competing Populations, Mathematical Biosciences, Mathematical 

Biosciences, Vol 51 pp 175– 85,1980.   

[13]. Vlastimil kŘivan: Optimal Foraging and Predator-Prey Dynamics, Theoretical Population Biology 49,265290,1996.   

[14]. Chris Flake, Tram Hoang, Elizabeth Perrigo: A Predator-Prey Model Disease Dynamics, Under the Direction of Dr.  

Glenn Ledder, Department of  Mathematics and Statistics, University of Nebraska- Lincoln, pp 1-16,2003.   

[15]. PATRICK C. TOBIN, OTTAR N. BJØRNSTAD: Spatial Dynamics and Cross- Correlation in a Transient 

PredatorPrey System, Journal of Animal Ecology, 72, 460-467,2003.   

[16]. Volkan Sevim, Per Arne Rikvold: Effects of Correlated Interactions in a Biological Coevolution Model with 

Individual-Based Dynamics, J. Phys. A. math . Gen. 38, 9475-9489,2005.   

[17]. A. F. Rozenfeld, C. J, Tessone, E. Albano and H. S . wio: On the Influesnce of Noise on the Critical and Oscillatory 

Behavior of a Predator-Prey Model: Coherent Stochastic Resonance at the Proper Frequency of the System, aleroz 

@ inifta. unlp. edu. ar, pp 1-18, (March 2006).   

[18]. B. Batiha, M. S. M. Noorani, I. Hashim: Variational Iteration Method for Solving Multispecies Lotka-Volterra 

Equations, Computers and Mathematics with Applications 24, 903-909, 2007.   

[19]. Jing Ruan, Yanhua Tan, Changsheng Zhang: A Modified Algorithm for Approximate Solutions of Lotka-Volterra 

Systems, Procedia Engineering 15, 14931497, 2011.   

[20]. Nicola Serra: Utility Functions and Lotka-Volterra Model: A Possible Connection in Predator-Prey Game, Journal 

of Game Theory, 3(2), 31-34, 2014.   

[21]. Susmita Paul, Sankar Prasad Mondal, Paritosh Bhattacharya: Numerical Solution of Lotka-Voiterra Prey Predator 

Model by Using Runge-Kutta-Fehlberg Method and Laplace Adomian Decomposition Method, Alexandria 

Engineering Journal 55, 613617, 2016.   

[22]. Yiğit Aksoy, Ünal Göktaş, Mehmet Pakdemirli, Ihsan Timuçin Dolapçı: Application of Perturbation-Iteration 

Method to Lotka-Volterra Equations, Alexandria Engineering Journal 55, 1661-1666, 2016.   

[23]. Noura A. Abdulrazaq Tahar, Analysis of Hybrid Dynamical Systems with an Application in Biological Systems, 

Thesis of Master, Çankaya University,2017.   

  

  

   

   

   

  

Volume 07 Issue 01- March, 2021




