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Abstract:-

Since Zadeh introduced fuzzy sets in 1965, a lot of new theories treating imprecision and uncertainty have been
introduced. Some of these theories are extensions of fuzzy set theory. The concept of 'intuitionistic fuzzy set' (IFS) was
introduced by Atanassov as a generalization of the concept fuzzy set by gives both a degree of membership and the degree
of non-membership. As for fuzzy sets, the degree of membership is a real number between 0 and 1. This is also the case
for the degree of non-membership, and further the sum of these two degrees is not greater than 1. Since fuzzy bi-ideal
play an important role in the study of smigroup structures. The purpose of this paper is to initiate and study the
intuitionistic fuzzification on the concept of several ideals in a semigroups S and investigate the basic theorem of
intuitionistic fuzzy bi-ideals and discuss the relationships of left (resp. right and completely regular) semigroups in terms
of intuitionistic fuzzy biideals. For any homomorphisim f from a semigroup S to semigroup T if 2= («», vs) is an
intuitionistic fuzzy bi-ideal of T, then the preimage /(%) =(/*(«z), / *(v»)) of B under f is an intuitionistic fuzzy bi-
ideal of semigroup S.

Keywords: - Semigroup, intuitionistic fuzzy set, intuitionistic fuzzy left (res. right) ideal, intuitionistic fuzzy bi-ideal,
regular and intra-regular semigroups.
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INTRODUCTION

A semigroup is an algebraic structure consisting of a non-empty set S together with an associative binary operation [1].
The formal study of semigroups began in the early 20" century. Semigroups are important in many areas of mathematics,
for example, coding and language theory, automata theory, combinatorics and mathematical analysis. The concept of
fuzzy sets was introduced by [2] in his classic paper. Azirel Rosenfeld [3] used the idea of fuzzy set to introduce the
notions of fuzzy subgroups. Nobuaki Kuroki [4, 5, 6] is the pioneer of fuzzy ideal theory of semigroups. The idea of fuzzy
subsemigroup was also introduced by Kuroki [4, 6]. In [5], Kuroki characterized several classes of semigroups in terms
of fuzzy left, fuzzy right and fuzzy bi-ideals. Others who worked on fuzzy semigroup theory, such as X.Y. Xie [7, 8],
Y.B. Jun [9, 10], are mentioned in the bibliography. The notion of intuitionistic fuzzy sets was introduced by Atanassov
[11, 12] as a generalization of the notion of fuzzy sets. The concept of (1, 2) ideals in semigroups was introduced by S.
Lajos [13]. In this paper, we consider the semigroup S in terms of intuitionistic fuzzy bi-ideals, and discuss some relations
between the fuzzy subsemigroups (fuzzy bi-ideals, fuzzy left (right) ideals, fuzzy ideals, fuzzy (1, 2)- ideals of S and the
subsets of S. Among other results we obtain some characterization theorems of regular and intra-regular semigroups in
terms of intuitionistic fuzzy bi-ideals. Also for any homomorphisim f from a semigroup S to semigroup T if B = (us, vs)
is an intuitionistic fuzzy bi-ideal of T, then the preimage f*(B) = (f *(us), f *(vs)) of B under f is anintuitionistic fuzzy
bi-ideal of semigroup S.

PRELIMINARIES

First we give the concept of intuitionistic fuzzy set defined by Atanassov as a generalization of the concept of fuzzy set
given by Zadeh.

Definition 1 [1, 14] If (S,*) is a mathematical system such that ¥V a, b, c € S, (a * b) * ¢ =a = (b = ¢), then x is called
associative and (S,*) is called a semigroup.

Definition 2 [1, 14] A semigroup (S,*) is said to be commutative if for all a, bE S, a b = b * a.

Definition 3 [15] A semigroup S is said to be left (right) regular if, for each element a of S, there exists an elementx in S
such that a = xa?(resp. a = a®x).

Definition 4 [15] A semigroup S is called intra-regular if for each element a of S, there exist elements x, y € S such that
a = xa%y.

Definition 5 [15] A semigroup S is called regular if for each element a of S, there exists an element x € S such thata =
axa.

Definition 6 [15] A semigroup S is said to be (2, 2)-regular ifx € x2Sx? for any x€ S 909

Definition 7 [14] A subsemigroup of a semigroup S is a non-empty subset 4 of S such that A2S A

Definition 8 [14] A left (right) ideal of a semigroup S is a non-empty subset A of S such that SA € A (AS € A). If A is
both a left and a right ideal of a semigroup S, then we say that A is an ideal of S.

Definition 9 [14] A subsemigroup A of a semigroup S is called a bi-ideal of S if ASA < A.

Definition 10 [14] A subsemigroup A of S is called a (1, 2)-ideal of S if ASA%C A.

Definition 11 [16] A fuzzy subset of a non-empty set X is a function u: X — [0, 1].

Definition 12 [16] A non-empty fuzzy subset u of a semigroup S is called a fuzzy subsemigroup of S if u(xy) > min{p(x),
HO)}V x, yES.

Definition 13 [16] A fuzzy subsemigroupp of a semigroup S is called a fuzzy bi-ideal of S if u(xyz) > min{u(x), p(z)}
Vxy zES.

Definition 14 [16] A fuzzy subsemigroup p of a semigroup S is called a fuzzy (1, 2)ideal of S if p(xw(yz)) > min{u(x),
H»), H(z)} VX, w,y, Zz€S.

Definition 15 [16] A non-empty fuzzy subset p of a semigroup S is called a fuzzy left(right) ideal of S if pu(xy) >
H(y)(resp. pu(xy) = p(x)) V x, y € S.

Definition 16 [16] A non-empty fuzzy subset p of a semigroup S is called a fuzzy twosided ideal or a fuzzy ideal of S if
it is both a fuzzy left and a fuzzy right ideal of S.

Definition 17 [11,12] The intuitionistic fuzzy sets defined on a non-empty set X as objects having the form

A ={(x, pa(x), va(x)): x € X},

where the functions u: X — [0,1] and v: X — [0,1] denote the degrees of membership and of non-membership of each
element x € X to the set 4, respectively, and 0 < pa(x) + va(x) < 1 for all x€ X. For the sake of simplicity, we shall use
the symbol {ua, va) for the intuitionistic fuzzy set A = {{x, ua(x), va(x)): x € X}.

Definition 18 [11,12] Let X be a nonempty set and let A = (4, va) and B = {us, vs) be IFSs of X. Then

(1) iff puy(x) = pg(x) and v4(x) =2 vp(x), AC B

(2) ifandonlyifdA € Band B © 4,4 = B

(3).A4° = {{o, vy (x), pa(x)), x € S} = (w4, 1a)

) ANE = {{x,min{p,(x) ps(x)} max{v (x), va(x)}:x € 5)) = (Mg A Vg V¥ Ug),
(3, AUB = {{x. max{p, (x), pg ()} min{v, (x), ve(x) b x € 5} = (Vg vahvg)

A= (Tg v = (1— 10 Q). (6) A= (aTi) = (a1 Ma) (T) Ao B = (a5, v,,5) where:
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_ [Va=yz min{u, (¥l puz(2)} if a= _1.-‘2.'}
Hacs(@) = [{] otherwise
i _ [ Mamyz max{u,(¥).v5(2)} If a=yz
LA:E‘ Ea‘] - .
0 otherwise,
Definition 19 [7] Let {d:}e; be an arbitrary family of IFSs in X, where A; = (U, .V, ) foreachi € ] Then
(1) NA; = (Apg, Vs, )

(2) UA; = (VBaphvg,).

Definition 20 [16] Let A be a non-empty subset of a semi group S, the intuitionistic characteristic function ¥« = (g, Vi, )

is defined as:

ifre A
xgEA

ifx e A

_rl
s 00) = { xeA

}oand w0 =3
INTUITIONISTIC FUZZY BI-IDEALS
In what follows, let S denote a semigroup unless otherwise specified.

Definition 1.[16] Let S be a semi group. An intuitionistic fuzzy set A:(.um Va) of Sis said to be an intuitionistic fuzzy
subsemigroup of S(in short, IFSS) of S if7x,y €S

(1) pa(xy) = inf{palx), pa()}

(i) v4(xy) < sup{v,(x), v4(y)}.
Example 2Consider the S=(Z,+), let Ebe the set of all even integer, and Obe the set of all odd integer.

04 ifxeE
Define u,(x):5 = [04] by ) =105 [.;fx sol
and define v,(x): 5 — [0.1] by valx) = Ig?,:, ;}f ; : g}

Then 4 = {u,. v, ) is an intuitionistic fuzzy subsemigroup of 5.

Definition 3 [17] LetSbe a semigroup. An intuitionistic fuzzy set A= (14, v4) o pe an intuitionistic fuzzy left (right) ideal
of Sif vxy €5

(1) wa(xy) = g (v)(resp. g (xy) = pu(x))
(i) vy(xy) = v (¥)(resp. v, (xy) = v,(x))

Both an intuitionistic fuzzy left ideal and an intuitionistic fuzzy right is called an intuitionistic fuzzy ideal (in short, IFI).
It is clear that any intuitionistic fuzzy left (right) ideal of S is an intuitionistic fuzzy subsemigroup of S.

Example 4 Let § = {a. b, ¢} be a semigroup with the following Cavley table:

i

q

Define an IFS A4 = <P'A*]’-A} in 5§ by #A(Q] = {JZJ#A(b:] = .':IA[C) = (.5, 1’-“1([1:1 =05 v,(b) =v,(c) =03 Ttisclear A = {u,. v,)

Definition 5[17] Let S be a semigroup. An intuitionistic fuzzy set A:m"‘ 1’1“‘}to be an intuitionistic fuzzy bi-ideal of
Sifwvx.yvzeSs _
(0 palxzy) = inf{pa(x). pa(¥)3

(i) valxzy) = supfva(x), va (00}
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Example 6Let S ={a,b,c,d,e}be a semigroup with the following Cayley table:

Define an IFS -’l = (. vy) . in Sty pula) =09, u,(b) = 0.8, ulc) = 0.7, us(d) = 0.7, pale) = 0.6,14(a)
= va(b) = 0.6, valc) = 0.7, va(d) = 0.8, vy(e) = 09. By routine calculation, it is clear A=(uA,vA)is an intuitionistic
fuzzy bi-ideal of S,

Lemma 7[16] Let A be a non-empty subset of a semigroup S. Then

(1) Ais a subsemigroup of S if and onIy if Xa = (lx,: Vx, }is an intuitionistic fuzzy subsemigroup of S.

(2) Ais a bi-ideal of Sif and only if Xa = (Bag Vxgd is an intuitionistic fuzzy bi-ideal of S.

Lemma 8 [16] Let 5 be a semigroup and 4, B C 5 then

(i Ac Bifandonlyvif X, C K.
({1} Xy o Xz = Xas

Theorem 3.9[15] Every intuitionistic fuzzy left (right) ideal is an intuitionistic fuzzy bi-ideal of S

Proof. Let A = {u,. v} be an intuitionistic fuzzy left ideal of 5§ and x, v, z € 5. Then
ta(xzy) = pa((xz)y) = pa(y) = inf{ua(x), pa(y)},
and
va(xzy) = va((xz)y) < va(y) < sup{va(x), va(y)}.

Thus A = (u4, va) is an intuitionistic fuzzy bi-ideal of S. The right case is proved in an analongous way.

Lemma 10 [16] A semigroup is S is regular if and only if A o B = A N B for eachintuitionistc fuzzy right ideal A and
each intuitionistc fuzzy left ideal B of S.

Lemma 11 [16] A semigroup is S is intra regular if and only if A o B € A N B for each intuitionistc fuzzy right ideal A
and each intuitionistc fuzzy left ideal B of S.

Definition 12 [16]An intuitionistic fuzzy bi-ideal A = (ua, va) of S is called idempotent if
A=A%=Ao A, thatis, pa-a= ao HA= A, VAeA= V4 © V4= Va.

Definition 13 [16] Let S be a semigroup and A = (4, va) an intuitionistic fuzzy biideal of S. Then A is called an
intuitionistic fuzzy irreducible (resp. strongly irreducible) bi-ideal of S if:

For any intuitionistic fuzzy bi-ideals B = (us, vs) and € = {uc, vc) of S, BN C=A (resp. BN C < A) implies B=A or C
=A(resp. BS AorCcA).

Lemma 14 [16] A bi-ideal B = (us, vs) of a semigroup S is an irreducible (resp. strongly irreducible) if and only if the
intuitionistic characteristic function Xz = (uxs, vxs) of B is an intuitionistic fuzzy irreducible (resp. strongly irreducible)
bi-ideal of S.

Theorem 15 [17] Let S be a regular semigroup. If every bi-ideal of S is a right(left) ideal of S, then every intuitionistic
fuzzy bi-ideal of S is an intuitionistic fuzzy right(left) ideal of S.

Proof. Assume that every bi-ideal of S is a right ideal of S. Let A = (u4, va) be an intuitionistic fuzzy bi-ideal of S and
let x, y €S. Then xSx is a bi-ideal of S, and so xSx is a right ideal of S. Since S is regular, we have xy € (xSx)S € xSx,
which implies that xy = xzx for some zE S. Since A = (ua, va) is an intuitionistic fuzzy bi-ideal of S, it follows that:
pa(xy) = pa(xzx) > inf{ua(x), pa(x)} = pa(x),
and
va(xy) = va(xzx) < sup{va(x), va(x)} = va(x).

Hence A = (ua, v4) is an intuitionistic fuzzy right ideal of S.
Theorem 16 [17] If {A:}iea is a family of intuitionistic fuzzy bi-ideals of S, then N A; is an intuitionistic fuzzy bi-ideal

of S, where N Ai= (A pai,V vai) and
A pai(x) = inf{pai(x)| i € A, x € S},
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V vai(x) = sup{vai(x)| i € A, x € S}.
Proof. Let x, y €S. Then we have
A pai(xy) 2A {min{pai(x), vai(y) }}
= min {min{pai(x), pai(y) 3},
= min {min{pai(x)}, min{pai(y)}}
=min{A pai(x),A pai(y)},
V vai(xy) <V {max{vai(x), vai(y)}}
= max {max{vai(x), vai(y)}}
= max {max{vai(x)}, max{vai(y)}}
= max{V vai(x),V vai(y)}.
Hence N A: is an intuitionistic fuzzy sub semigroup of S. Next for x, y, a € S we have
A pai(x)(xay) =A {min {pai(x), pai(y) 3}
= min {min{pai(x), pai(y) 3}
= min {min{pai(x)}, min{pai(y)}}
=min{A pai(x),A pai(y) },
V vai(xay) <V {max{vai(x), vai(y) }}
= max {max{vai(x), vai(y) }}
= max {max{vai(x)}, max{vai(y)}}
=max{V vai(x),V v4(y) }.
Hence N A; is an intuitionistic fuzzy bi-ideal of S.

Theorem 17 [17] If an IFS A = (ua, va) in S is an intuitionistic fuzzy bi-ideal of S then so is A = (ua, pa) = (ua, 1 — pa).
Proof. It is sufficient to show that pa satisfies the condition (ii) in Definition (3.5). For any a, x, y € S, we have
C pa(xy) = 1 = pa(xy) < 1 = min{ua, pa(y)}
; =max{l — pa(x),1 — pa(y)} = max{pa(x), pa ()}
an
pa(xay) = 1 — pa(xay) < 1 — min{pa(x), ua(y)}
=max{l — pa(x),1 — ua(y)} = max{ua(x), pa (y)} is an Therefore A is an intuitionistic fuzzy bi-ideal of S.

Definition 18 [17] Let A be a semigroup. An intuitionistic fuzzy set A = (u4, va) is said to be an intuitionistic fuzzy (1,2)-
ideal of S if Vx,y,z, wEgS

(1) paxw(yz) = min{ua(x), pa(y), pa(z)}

(i) va(xw(yz) < max{va(x), va(y), va(z)}.

Example 19 Let S ={a, b, c, d, e} be a semigroup with the following Cayley table:

Define an IFS A = (ua, va) in S by pa(a) = pa(b) = pa(c) = 1, pa(d) = ua(e) = 0, va(a) = va(b) = va(c) = 0, va(d) = va(e)
= 1. By routine calculation, it is clear A = (u4, va) is an intuitionistic fuzzy (1,2)-ideal of S.
We note that M = {a, b, c} is an a (1,2)-ideal of S, hence A = (ua, v4) can be defined as follows:
uAx)={1 ifx EM} and vAX)={0 ifx € M}
0 otherwise 1 otherwise

Theorem 20 [15] Every intuitionistic fuzzy bi-ideal is an intuitionistic fuzzy (1, 2)ideal.

Proof. Let A = (ua, va) be an intuitionistic fuzzy bi-ideal of S and let z, x, y, w E S.
Then
pa(xz(yw)) = ua((xyz)w)
> inf{ua(xyz), ua(w)}
> inf{inf{ua(x), pa(y)}, na(w)}
= inf{{pa(x), pa(y)}, pa(w)} and
va(xz(yw)) = va((xyz)w)
< sup{va(xyz), va(w)}
Ssup{inf{va(x), va(y)}, va(w)}
= sup{{va(x), va(y)}, va(w)}.

Hence A = (ua, va) is an intuitionistic fuzzy (1, 2)-ideal.
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To consider the converse of Theorem (3.20), we need to strengthen of a semgroup S.

Theorem 21 [15] If S is a regular semigroup, then every intuitionistic fuzzy (1, 2)-ideal of S is an intuitionistic fuzzy bi-
ideal of S.

Proof. Assume that a semigroup S is regular and let A = {ua, va) be an intuitionistic fuzzy bi-ideal of S and let z, x, y €
S. Since S is regular, we have xz € (xSx)S S xSx, which implies xz = xsx for some s € S .Thus
pa(xzy) = pa((xsx)y) = pa(xs(xy)
> inf{pa(x), pa, (x), ua(y)}
= inf{ua(x), pa(y)}, and
va(xzy) = va((xsx)y) = va(xs(xy) < sup{va(x), va(x), va(y)}
= sup{va(x), v(y)}.
Therefore A = {ua, va) is an intuitionistic fuzzy bi-ideal of S.

Theorem 22 [15] Let A = {ua, v4) be an intuitionistic fuzzy bi-ideal of S. If S is a completely regular, then A(a) = A(a?)
foralla € S.

Proof. Let a € S. Then there exists x € S such that a = a?xa?. Hence
pa(a) = pa(a’xa®) = inf{ua(a®), pa(a®)} = pa(a® = inf{ua(a), ua(a)} = pa(a) and
va(a) = va(a®xa?) < sup{va(a?), va(a®)}
= va(a?) < sup{va(a), va(a)} = va(a)
It follows that pa(a) = ua(a®) and va(a) = va(a®) so that A(a) = A(a?) .

Theorem 23 [15] LetA = (ua, va) be an intuitionistic fuzzy ideal of S. If S is an intra- regular, then A(a) = A(a?) for all a
€ S.

Proof. Let a be any element of S. Then since S is intra-regular, there exist x and y in S such that a = xa?y. Hence since
A = (ua, va) is an intuitionistic fuzzy ideal,
pa(a) = pa(xa?y) = pa(xa’)
> pa(@?) = inf{ua(a), pa(a)} = pa(a) and
va(a) = va(xa?y) < va(xa?) < va(a?)
Ssup{va(a), va(a)} = va(a).
Hence we have pa(a) = pa(a?) and va(a) = va(a?). Therefore A(a) = A(a?) forall xy € S.

Theorem 24 [15] Let A = (ua, v4) be an intuitionistic fuzzy ideal of S. If S is an intra- regular, then A(ab) = A(ba) for
all a, b € S. Proof. Let a, b €S. Then by Theorem 3.23, we have
pa(ab) = pa((ab)?) > pa(a(ba)b)
> ua(ba) = ua((ba)? > pa(b(ab)a) > ua(ab) and
va(ab) = va((ab)?) < va(a(ba)b) < va(ba)
= va((ba)?) < va(b(ab)a) < va(ab) .
So we have pa(ab) = pua(ba) and va(ab) = va(ba) .Therefore A(ab) = A(ba) .

Theorem 25 [15] An IFS A = (ua, va) is an intuitionistic fuzzy bi-ideal of S if and only if the fuzzy sets ua and v4 are
fuzzy bi-ideals of S.

Proof. Let A = (u4, va) be an intuitionistic fuzzy bi-ideal of S. Then clearly ua is a fuzzy bi-ideal of S. Let x, a, y € S.
Then

Va(xy) = 1 —va(xy)
= 1= sup{va(x), va(¥)}
= inf{(1—va(x)), (1 —va(¥))3}
= inf{T4(x), 72 (")}
And
Ta(xay) = 1 - va(xay)
= 1= sup{va(x), va(y);
= inf{(1—v,(x)), (1 —va())}
= sup{v,(x), v,(¥)}.
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Conversely, suppose that 4 and va are fuzzy bi-ideal of S. Let x, a, y € S. Then
I —va(xy) = va(xy)

= inf{vy(x);v41(y)}
=1 — sup{va(x),v4(y)}

Which imply that va(xy) < sup{va(x), va(y)} and va(xay) < sup{va(x), va(y)}.

Corollary 26 [15] An IFS A = (ua, va) is an intuitionistic fuzzy bi-ideal of S if and only if A = (ua, ua) and O a= (va,
v4) are intuitionistic fuzzy bi-ideals of S.

Proof. It is straightforward by Theorem 3.25.

Theorem 27 [15] Let f: S — T be a homomorphism of semigroups. If B = {us, vs) is an intuitionistic fuzzy bi-ideal of
T, then the preimage £ *(B) = (f *(us), f *(vs)) of B under f is an intuitionistic fuzzy bi-ideal of S.

Proof. Assume that B = {(us, vs) is an intuitionistic fuzzy bi-ideal of T and letx, y €
S. Then
[ us)(xy) = ps(f (xy))

= us(f()f (v)

= min{us(f (x)), us(f(v))}

= min{(f *(us(x)), f *(us(¥))}, and

= vs(f(x)f (¥))
< max{vs(f (x)), vs(f (¥))}
= max{(f *(vs(x)), f *(vs(y))}
Hence fY(B) = (f Y(us), f *(vs)) is an intuitionistic fuzzy subsemigroup of S. For any a, x, y €S we have

f Hus)(xay) = ps(f (xay))

fHws)(xy) = va(f(xy))

= us(f(Of (@f ()

= min{us(f (x)), ua(f ()}

= min{(f " (un(x), f (us(y))}, and
fH(ve)(xay) = va(f (xay))

= vs(f(x)f (@) (v))

< max{vs(f(x)), vs(f(¥))}
= max{(f (vs(x), f *(vs(y))}-

Hence f7Y(B) = (f Y(us), f *(vs)) is an intuitionistic fuzzy bi-ideal of S.
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