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Simple continued fractions for (rational and irrational) are considered. The power of the simple continued fractions

fractions. The most important that we did in this paper, we prove by theorem any two simple continued fractions
[{ro:'{r'_:"'=a*:] i[ﬁc.;ﬁ'_r---:ﬁ-_i]the fraction is [C{D;{I._:___:ﬂ‘m] > [-"f‘:;-:;-"5'1="'=l'ﬁ,:!:| or [ﬂ(-l;ﬂrl'- wevn gy ] {[-ﬁ:;'ﬁl‘ Jﬁ-] (for anyn, m).
Many definitions and examples that we used of that low and theorem are presented.
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INTRODUCTION

There are many applications of continued fractions: combine continued fractions with the concepts of golden ratio and
Fibonacci numbers, Pell equations and calculation of fundamental units in quadratic fields, reduction of quadratic forms
and calculation of class numbers of imaginary quadratic field [1]. There is a pleasant connection between Chebyshev
polynomials, the Pell equation and continued fractions, the latter two being understood to take place in real quadratic
function fields rather than the classical case of real quadratic number fields [2]. The simple continued fractions have been
studied in mathematical (Diophantine Equation, congruence ax = b (mod m) and Pell's equations) and physical (gear
ratio) [3]. The analytic of continued fractions for the real and complex values have been studied in [4, 5]. However, [3, 6,
7] studied the continued fractions for the integer values. There are many applications of simple continued fractions
(Gosper's batting average problem [8], Cryptography ...). In [5, 9] we showed that, any number, rational or irrational, can
be expression as a finite or infinite continued fraction. Also, the simple continued fractions are useful to solve Diophantine
Equation or congruence ax =b (mod m). The most important, that we did in [7, 9], we defined the addition and
subtraction of the simple continued fractions. Also, we showed that, how can we know which simple continued fraction
is greater than of the other. Also, we defined the multiplication and division of the simple continued fractions and we
explained multiply the numbers /¢ - \/ b by using the continued fractions. In this paper we defined the power. This
study start with some definitions and theorems that we used to defined the multiplication of two simple continued
fractions.

The Power of Simple Continued Fractions
Definition 1
An expression of the form

+

is called a finite simple continued fraction, where a, is positive integer for all * 2L % can pe any integer number. The
above fraction is sometime represented by [og:en. 0.1 for finite simple continued fraction and [2: - @] for

infinite simple continued fraction. In this paper we will use the symbol (S.C.F.) for the simple continued fraction.

Theorem 1
A number is rational if and only if it can be expressed as a finite S.C.F. [3].

For example
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a, = @, . 0= for £ =012 .
Let =y be an irrational number and define the sequence qy.q.a,.... recursively by @, —d,

Then © is the values of infinite S.C.F. [ﬂi;al-'ﬂlr" ] Where, “

B =[a:a.a.0.a. .. 1=[E12.1.2.] = [L12]. We can use the same operations of finite S.C.F. for infinite S.C.F.

is the greatest integer number. For example

Definition 2: The S.CF. [ay; ..o, ] can be defined by

[r:r_z.;a‘-__...._.o'r_]=o:t_+££:'{{£§’l__ or [o:c_;o':=...,crr_]=%.
Where
K. (a))=1 K, (e)=1
K (o) =a, K ()=«
K. (a))=ae +1 Kile)=0a a,+1
K.(o)=aoma, +a, +a, K (o)=ooo +a +a,
K(ag)=a_ K _(¢)+K, _;(a) K (n)=a K _(aq)+K, (o)
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In general

K=o ., K j(a)+K (o)) . i=12,...n , Jj=0lL..n
K_(e;)=0 KO(Q’})ZI.
Lemma 1
fe, =0in[e6,...6,0.6,.6,,..c.] . for some j with O < j«<n. then we can replace ¢, by ¢,_, =¢,, +¢,, and delete ¢ .c,,

From the simple continued fraction expansion, without changing the value of S.C.F. [5].

Lemma 2
Ifc,=c. =0in[cic. .¢,4,6,.6.,z...c,], for some f with Q< j <y Wecandelete €€, b0 o simple continued

fraction expansion, without changing the value of S.C.F. [5].

log:ian...a, " =[54:5,..5 ] (1
where
5,=d
o e
Kl -5, K (@)l

oKUK @) =K (50K (@)
P THK LG K (@)K (6K (@)

N =[.K_ts.;)x; (@)-K, (K (@,)f
LG K S (@)K (s 0K @)l

(HE K (@) - K, (5 K W (en)
O K. (5K (e)-K 60K (@) T
5.=4 fori=12_ . m
A& (3 K e ) - K (58 ()
K, (s )K (@) -K (K (e T

i odd

i even

The last term sy of the resulting S.C.F. is to be expanded again as a S.C.F. if necessary and not to be treated as greatest
integer number as have the preceding terms been treated.

Example 1: Find [2; 1, 4)*
Solution: Let[2:1, 4] = [cic. ], we get =2, n =2, from eguation (1) we have
[2:1.4F = [5,:5,.5,]
Where s; is the last term
s,=ar =(2Y =4,
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96
=3z {to be treated as 5.C.
25

=[3:1,54]
Therefore
[2:1.4] =[4:0,3.1,5,4]
=[7:1.5.4]
Example 2: Find [1; 2]°.

Let [1:2] = [e,:cx,]. we get m = 1, n =5, from equation (1), we have

F)

{bv lemma 1)

12T = [5,:5,].

Where s;is the last term and
s,=a, =(1) =1

K (e)

()

T K (a)-nK (@) (@ +1) -5 (a)

S
(1-2+17 -1 ()"

<

=[0:6,1,1,2,8]

Therefore,
[L2] =[1:0,6. 1, 1,2, 6]

=[7:1,1.2.6]
Example 3: Find [1:1,2] .
Solution:
Let [1:1.2]=[L1.2.1,2...] = [e, 1. 00 00, e, ]
The results get: i =2, from equation (1) we have
[1L1.2F =[5,
Where

s,=a; =1y =1,
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Therefore,
s =02 (@ is integer, i (odd))
© Ha+td

ifi—sowthen a— o and 5, — 1,

therefore
[1:1L2] =[1;0,1,0,0..
=[2:0,0,....1]
=3
Theorem 3

Let [2,:a,....q,] and [5:5...5 ] betwo SCF. with g =0forall i =1,2,..,m and. & =0 forallj =12 ... nand [a:4a...a ]=[5;:4, .5 ] then

(i) Ifa =&, , suppose a, > 5 , then
[za,...a,]=[8:5,--8]-

(i) If @ =5, forall i =012 k. Kk<min (mm),
suppose @, > 5, with &+1 <min (ma) then
[a:a...a ]=[5:8,. 58]

[a:a,....a ] <[5:8...5]

(iif) If @ =5, foralli =12 ..k k=min (mn)

Suppose £ = m, then
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And

[a:a,..a ] <[8:8, 0] ifk iz even.
Example
(1) [3:2.2] = [2:1.4] since 1f [3;2.2] = [a;a .4, ] and [2;1.4] = [5,:8.5.]. From theorem 3 (i) we have
a, =&,
hence
[3:22]=[2;1.4].
{1t} [3:1,1,3] = [3;7] since let [3;1.1.3] = [a a.a..a].m=3 and [3;7] = [5,:8].p= 1, from theorem 3 (ii) we have
a = . k=0
since @ =1, 5 =7
and b z>a
hence
[1;2,3]<[1;2,3,4] (since i3 even)
(iii) [1:2.3] < [1:2.3.4] since let [1;2.3] = [g:a,a]. m = 2 and [1:2.34] = [B,:8.8..0.]. n=73, from theorem 3 (1i1) we have:
a =58, forall i=0,12
then &= m=2 (even)
hence
[1;23] <[1:2,3.4] (stnece ki3 even)
() [1:2,3.4] = [1:2,3.4.5] since if [1:2.3.4] = [a:a.a,.a,], tthenm =3

and [1;2.3.45] = [5:5.5,.0 5], n=4, from theorem 3 (1if) we have
a =b, foralli=0123
then k= m=3 (odd)
hence
[1:23,4] =[1;2.3.4.3]. (zince & iz odd)

CONCLUSION

This paper is the third part for the operations of the simple continued fractions. In the first and the second parts [6] we
discovered the definitions of addition, subtractions, the multiplication, multiplicative inverse and the division of the
simple continued fractions. In this paper we discovered the definition of power of simple continued fraction. Finally, we
defined the order of the simple continued fractions.
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