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Abstract:-

This study provides the effect of correlation functions on the solution of nonlinear differential equations system (DES).
For illustration, an application of the case of interacting biological system is introduced for multispecies population,
Moreover, the concept of stability and identification of equilibrium points are studied, this obtain the analytic
approximate solutions. In order to evaluate the solution of the correlation functions, this study has been limited on the
chronological correlation functions of the two type’s,; auto and cross. That is to reach the expense of second and third-
correlation functions.
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INTRODUCTION

The Lotka-Volterra model [1, 2] is widely used to study the dynamics of interacting species in ecology and elsewhere
[3]. Kapur [4] says in his literature, we are not first restricted to the use of mathematical techniques already known. In
fact, one role of mathematicians interested in biological and medical problems is to evolve new mathematical methods
for dealing with the complex situations in life sciences [5]. In order to, analyzed the stability of continuous and discrete
population models, he examined the stability of models for interacting species with same points of equilibrium, using
difference equation system. [6] Studied moments for some general birth death processes, he determined the moments of
all orders for the probability distribution of ultimate size of the population the generalized birth and death processes with
twin births being studied in [7] where he used the difference equation technique. It had been shown in [8] that equilibrium
point for predator-prey models with discrete time lage is always unstable. the use of hypergeometric functions to
generalized Birth and death processes is given by[9] he enumerates the number of possible relations between probabilities
of ultimate extinction of birth and death processes. In his paper titled some mathematical models for population growth,
he decided one of the most successful models for explaining the growth of populations of bacteria and even of humans is
the so-called Logistic model [10].

The combined use of game theory and modified volterra equations in describing the population dynamics is treated
by [11] that concluded that volterr’s system of differential equations for n interacting species has been modified and it is
shown that the modified system is equivalent to the system of cubic differential equations obtained earlier for animal
conflicts from considerations of theory of games. In his study of nonlinear continuous- time discrete- age- scale population
models, he showed that whenever the corresponding linear model predicts exponential growth, the nonlinear model gives
a stable equilibrium age-distribution [12]. The study of the effect of Harvesting on competing population is due to [13],
it showed that for the simplest competition model for two species there are four non-degenerate possibilities for ultimate
behavior according as (i) the first species alone survives, (ii) the second species alone survives, (iii) the two species
coexist, in stable equilibrium and (iv) the two species coexist in unstable equilibrium, and the survival of first or second
species depends on the initial population size. Another study [14] is treated the optimal foraging and predator-prey
dynamics. And [15] treated the periodicity in a delayed ratio-dependent predator-prey system. Lin QIV and Taketono
MITSUI [16] discussed the problem of predator-prey dynamics with delay when prey dispersing in n-patch environment.
Previous study has proposed a model to describe the interaction between a diseased fish population and their predators he
analyzed the stability of equilibrium points for a large range of parameter values [17]. Paul [18] develops a mathematical
model of a biological arms race between a class of predators and a class of prey where the prey is dangerous to the
predators, Ross Cresman [19] studied the evolutionary stability in LotkaVolterra system. And [20] is studied the global
stability of a predator-prey system with stage stricture for the predators. Previously manipulated the spatial dynamics and
cross-correlation in a transient predator-prey system [21]. The effects of correlated interactions in a biological convolution
model with individual-based dynamics is a research given by [22]. Rozenleld [23] introduces the concept of coherence
into the predation of biological system through his work titled on the influence of noise on the critical and oscillatory
behavior of a predator-prey Models: coherent stochastic resonance at the proper frequency of the system. Both [24, 25]
introduces vibrational iteration method for solving multispecies lotka-volterra equations. Nicola [26] has proposed utility
functions and lotka-volterra model: A possible connection in predator-prey game. Susmitapaul [27] introduces numerical
solution of lotka-volterra prey predator model by using runge-kutta Fehlberg method and Laplace a domain decomposition
method. In addition [28] discuss application of perturbation-iteration method to lotka-volterra equations. Nourataher in
[29] studied analysis of hybrid dynamical systems with an application in biological systems.

In this paper we shall study the two types of interaction between more than two species of Biological system. Namely,
the predation and the compition via Lotkavolterra, besides we represent a mixed model for the predation and competition.
Also we shall generalize the two species case to investigate the effects of interactions among any number of species.
Moreover, the concept of stability and identification of equilibrium points are studied, this obtain the analytic approximate
solutions. In order to evaluate the solution of the correlation functions.

THE BASIC SYSTEM OF EQUATIONS OF VOLTERRA’S MODEL
The basic system of equations for ninteracting species can be written as
al, . = I -
d—: = -;E_,_"-.-'_, + Zb:‘v :-_"'-' . fi=12 g FLLL {2-1]
iy =] :

Due to interaction between thei-th and j-th species, the changes in the two populations per unit time are given by
by and &y
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sings. Moreover, if the ratio of changes in the two populations is » then we can write,
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so that (2.1)becomes
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We also assume that the Verhulst term or the resource-limited term is absent for each species so that aii= Ofor all
i. Using(2.2), we find that the matrix( aij)is skew symmetric.Let gidenote the equilibrium or the steady-state value of Ni.
Then (2.3) gives

q.k. + g, ia;_g___ =0 @g=12.n. (2.4)
rl
If none of the q’sis zero, we get )
kG + ia,__l.q_,. =07i=12__n. (2.5)
Equation (2.5) gives unique finite valueg-f;)r ql, g2, ...,qnif the determinant of the matrix
ay) is|4| = |ﬂ.-'_.-'| =0. (2.6)

However, we know that the determinant of a skew-symmetric matrix of odd order is always zero so that (2.5)
does not give unique finite values for g1, g2, ...,gnif nis odd. Our model will therefore have non-zero equilibrium

population sizes only when the number of species is even and | 4] =0.
We shall also assume that the parameters have such values that qi’s come out to be positive.
Again, multiplying (2.5) by gi and summing for all i, we get

> kpBg =-2>aqq, =0 (2.7)
iml fuml el

Since the right-hand side of (2.7) vanishes because of the skew-symmetry of (aij). Since, #: > 0 and assuming all qi’s to
be positive, all ki’s cannot be positive

Existence of Constant of Motion
N,

Leti=12_.n) U =% (3.1)
g:'
Where logarithm here and throughout this chapter is to the base e. Then we easily see that
U, 20 20N, 29,029, 3-2)
so that s may be regarded as a measure of the departure of Ni from gi.
Substituting from (3.1) in (2.3), we get
du. -
5. .51’.': =k 5 + E a.q. expu, ci= 12, . n). (3.3)

From (2.5) and (3.3):

du -

B—r=2.a,q,(expv, —1).(i=12_.n). (3.4)
Multiplying both sides by 4: (exp v, —1) and summing for i from 1 ton, we get
" -:fU ] n
E Ba.(expu — 1}?:- = E _E_;ari_q:q__{exp v, —Dexp v, —1). (3.5)
On account of the skew-symmetry of the matrix (aij), the right-hand side of (3.5) vanishes
w av;
50 that:ﬁ:'gf(EXp v, —1)—=0. (3-6)
= dr
Integrating (3.6), we obtain
= = L] 1'|.T__ _-l'.__
G= E Bg.lexpu, -uv)= .E.G" =constant = :E.-"J;'?'.f. A —2), (3.7)

Where NiO is the initial value of Ni .Thus there exists a constant of motion which is the sum of a number of similar
components. Each of these components is positive since, whe U 2 0.€Xp U, > U, and When

U; < 0, both expu, and exp(~U.) Are positive. As time changes, each component Gi changes, but the sum of Gi
remains constant and finite. Gi increases or decreases according as the population of the i-th species increases or

decreases since &0t /dY; = 0. As time progresses, populations of some species increase, while populations of other
species decrease in such a way that G does not change. G does of course depend on the initial populations of the n species.
Also, since G is finite, the population of every species remains finite.

From (2.3), (2.5), and (3.7)
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All the terms on the right-hand S|de of (3.8) vanish because of the skew-symmetry of (aij), and this again verifies that G
is a constant of motion. Further, if @ = - @i when J =1 but @, = 0 for all £ we get

aG - . - ,
G’i‘ = EEG I' I:‘-: - E I:::: I:'-"::- +{f':- :I = Ed:: .:_1"7: - g ] ) [a-g}
L im 1| ]
Since the resource-limiting coefficient aii always less than or equal to zero, we find that
dG /<0 (3.10)

So that, in the case when % = O for all i, G is not a constant but a monotonic decreasing function of t. The maximum
value of G occurs when Ni=Ni0 and the minimum value occurs when Ni=qi for all i. Stability of Equilibrium Point We

know that, in the equilibrium point * _‘3 vi=0, and so from (3.4)

B. _Zagv (=120 (4.1)
=l
Brdvi _ 3 \
0 At Sl S a__;_"p c(v.=g.U..a, _'_;{:L,_ {4.2]
Co g dr Ao TR
The community matrix, whose eigenvalues determine the stability, is
[ 9 .8 4l -
0 .= J.E_ .= 4 5 0 0 ] ]
N " i - 8 0 a. a. a,
4 :T 0 ﬂ:T ﬂ:? ':-L_- 0. 0] a, a a. a,
e - TR = F, - - .. |=Dd (4.3)
é- a, 4, d.. 9:_|

L 0 o0 o G [l% % du- a4

| ‘I; .:I-. ‘_I_T _l l_-. o ?_l
This matrix is the product of a symmetric matrix D and a skew-symmetric matrix A and, therefore, all its eigenvalues are

4=0. all the eigenvalues in our matrix are

purely imaginary so that the secular equation is of the from

(4.4) P+ | A +@ L +a,)=0
which gives v, =3 (4, cos(@ 1) + 5, sin(@,1)). (4.5)
New from (4..2) T E‘f d; =" Z a;vv; = 0 (4.8)

= a4 dr = j=1
Because of the skew—symmetry of (aij). Integratlng (4.6), we get

y £y ; —Eﬁ__g,v:. = cons tan ¢ (4.7)
.] '.jl'! im]
Which is a hyper ellipsoid in the n-dimensional space with v, v2,...v, as the coordinates. If we write - 4¢~%: then (4.7)
gives, on retaining the lowest powers ui

S gl =5y —';T,L g, (In(1+ 2y —T’S 1 =Ei

= g, - i, -| q, -
X which is again a hyper ellipsoid with center g1, g2,...,gnin n-dimensional space. Thus, for small perturbations from
the equilibrium point, the trajectory always lies on a closed hypersurface. This shows that the equilibrium is neutral and
conservative oscillations occur about the equilibrium point. Even when the perturbations are not small, or when (3.7) is
used, the trajectory lies on the hypersurface.

N, -g,) =constant [4.8)
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N N (4.9)
D Ty
g,

N
.‘rl

Eﬁ;q.{

il =3 A

Which is a closed hypersurface meeting every straight line parallel to the axes in two points. The trajectory need not be

closed except for n = 2.
Even for small oscillations, the periods are =<4 B 2-and there may not be any period which is an integral
9

multiple of all these periods. Thus, for a four species model, if the periods are 27/ 3 and 27/ 3, then, at time ¢ = 17,the

trajectory for small oscillations will return to the initial point, but if the periods are 27 V2 and 27 /3 then
the trajectory will never return to the starting point though it may come arbitrarily close to it. Similar results
hold when oscillations are not small. Thus, in general, the trajectory always lies on a closed hypersurface, but it
is not closed except when n = 2. The trajectory point goes on moving round and round the hypersurface (4.9) without
its ever returning to the original point. Moreover, the motion is also not strictly periodic except when n=2.

2afe, 2afe,, 2w

The foregoing discussion shows that the result about the neutrality of equilibrium point holds not only for local or
neighbourhood stability, but also for global stability. This is confirmed by the existence of a function G which is always
positive and whose derivative G/dt is negative semi-definite.. Thus, G acts as a Lypunov function. When aii= 0,it is seen
that there are conservative oscillations about the equilibrium point irrespective of where the initial points are; when

a, #0. the matrix Ahas at least some non-zero diagonal elements and is not skew-symmetric. The eigenvalues
of the community matrix (4.3)need not be purely imaginary, and the equilibrium is no longer neutral. As already
noted, when n=2, the equilibrium is locally stable and, because of the existence of the Lypunov function G, it is globally
stable. Thus the non-zero values of aii, however small they may be, change the nature of the equilibrium. This is
expressed by saying that volterra’s model is structurally unstable. A model is said to be structurally stable if small changes
in its parameters do not change the nature of the equilibrium point. Volterra’s model is structurally stable if we consider

small changes in aij’s (i=7) only. but it is structurally unstable if we introduce Verhulst terms (however small these
may be) because, without these terms, there is neutral equilibrium ; with these terms, the equilibrium may be stable
or unstable. However, we may note that, whether aij is zero or not, the results of local stability analysis extend to global
stability analysis because of the existence of the Lypunov function.

Solutions of Volterra’s Model for n Interacting Species
The basic system of equations for n interacting species can be written as

daw -
=k N +YBNN (i=12,..n) (5.1)
& VT LB
ati,j=1273 and i # jthe model can be written as
AN, s o ar e R
=N + A NN (i=12,
KN, +5.N N, +5,N\
et :
Then,
&G;:: = KN, = b NN, =5 NV (5.3}
i | 24V

Let N{£) =N, +em@O.N. (=N, +&,m, (B and N (5)= N, +e.17.(0) (5.4)
Then and neglecting cross terms g7 77, i=J=123 we have

5.5
D o, O+ B @+ 7,77, + & &9

. . BN e, 8. Nw&,
where: o, = K, +b_ N, +5 N, f =—"— 5, =— L and
& &,
E N, +b N N, +5 NN . i
R St s VAL A 17, () + Bard, (£ + 7,37, (£) + {5, 6)
& dr
b, N,z . . b.N. &
where: o, =—— B =K. +b N, +8,. N, y, =—2"23ang
& &
K +b, N N, +& )
@, = 2
: -
7.
d?‘ = o7, (1) + Bo7, (8 + a7, (1) + o, (5.7)
T
b N.,.& 5 =
Where: o, = ":5‘= =K. +b,N, +b.N and
g, g
E N, +b, N N, b N, N
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In matrix form equations (5.5) , (5.6)and (5.7) take the form

d "r-?l al ISJ --yl ‘r;] g lﬁ':.l
— | . | = | &2 = o 7. |+ | s 5.8
'k a - . - o - - (58)
775 = 39 =B >3 73 |y
We shall solve the equation
e 7+ L .r_?.+ﬂ.ﬂ'ﬁ
ar 77, + €2, |= 4| 77, + <2, (5.9)
77y + L2, 772 + L2, )

o, ey > £, Lo
where: 4 — | e, /. 7. |land] 2, |= 47" o,
L= ﬁ'l Fa Q1 L2

Aszsuming that (17 +QX1) = 2™ (5.9a)
Leads to the set of linear algebraic equations

m"I - A ﬁl -’-l'.'-l 11
o £ —A > . |=o0 (5.9h)
o, A, > —Aa =

Which determine the eigenvalues and eigenvectors of A.
Now the eigenvalues of Aare given by

by M Oy

|_,4 . ﬂ| —0 (5.9c)
-1 8 ¥
Or -ﬂ'_-. ,-'9: — );_ = {’J [5-9{1}
&, P
- 5.0e
(ie) A —ai —bi-—c=0 (5-9e)

Whereex =ty — Gy +33. =Gy —fry—af. —ay, +a.f + 0, and

c=onfy: —en By, tes By, — e Biys o By — e By

The roots of cubic equation are

A=Ay, A, =4, +il,adi, =4, —id,

/%% [Z-{%
- . n M- . f A, (.
where: A3 =?'|.|II.II.+'3\|IIA:-' Ay =—1"|+ and Ay = 13'\ 1 ,,.,1. =,
2 _ | 2
g kel F 4 g £ = 4
Siee: A =—+ | — + i = N - =—h+e
o2 4 27 > Vi 3
: ba 2a
=773 Ty
Then the eigenvector are . .
f'ﬂ |\I f{!_; - ibl;‘ﬂl ) a': _Ib': l
= 1 Lg% = 1 ‘ and &= 1 (5.10)
\D | I‘,_ 0 J \ 0 J
whereg =B 4 = —Bey — ) g b.=L
- R (@ — A + A5 ) (o —Ay) + 4
all
From (3.10) into (3.9a) we get: (77 + €207 () = 1 e, (5.10a)
(8]

r-f'a| = = Z‘E?ID
Cr7 + €322 (1) = 1 et et (5.10b)

. (8]
(2 + 15 (5.10¢)
(f?—'—ﬂ:)r",cf): 1 Er'a"'_b,'"'”_ .
L O

The general solution of the equation (5.9) are
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- [ ay-cosd.t+ b .sm .00
+i=c| 1 g™ +e, cosd, .t et 4+
e /! kS D &
_ 2 : -
{—é&.cosd, t+a,. smi, 7 (5.11)
o, s A7 e
1 0

Then 77, (1) = Cie™ + C, cos Ayte™ + C;sin Ay,te™" — 0,

o _ ; 5.12
() =ce™ +ec,cosite  +c;sin A te” —Q,, (5.12)

17:(2) = —€2;

where:
Form equation (5.12) into (5.4) we get:
N@ =de™ +d, cosi re™ +d, sin A re™ +d,,

=ea, 0 =ca,-ch, and C =c.b.+ec.a.

N.(t)=De* + D, cos A te™ + D, sin A te™* +D,. (5.13)
N.() =D
Where: d=eC.d=25C.d =2C.d=N,-20,

D =zg¢ D =gc. D =gc. D =N -20

and LY =N, —=.02, .
We can treat the nonlinear problem iteratively considering N1 (t), N2 (t) and N3 (t) as a 1% approximation

:v['.] ] :!I:'.I 7 :v['.l
(M7O.NO.NTO) then the 2nditerative solution can be obtained from:

Ei-:;‘:_ =K":_1.‘If:rllll +5I:_\\_r||||_-\_r£.- +EJ_-,_\\":I: _.‘\._:'_I:
B - KNS+ B NN + b NOND, (5.12)
AN _ g NO 5, NOND 4 b NN,
&t =" 3V 3

From equation (5.13) in to (5.14) and integrating we obtain N, ey and N gimilarly can be obtained
the 3rd approxim (¥ (. V2 (. N7 (1)

Second and Third-Order Correlation Functions

. . . R S 4 . . . . . .
Besides the pair correlation function -+ @ which measures the interaction between pairs of species there is another

fine interaction between triplets of species defined b
C2 (D) = (AN (DAN, (DAN, ()}

= {(V, () = N )N, () = NV, XV () = Ny Db
=WNON,ON, - TN, ON,+

i fonkem], ]

I NN AN = NN, N, (6.1)

o prnlcem], 2
Where: =j=k=1,13
In our study the expected value of a function f (t) is defined by
A+T

1
@ == j:f(r}a'r (6,2)

using equation (6,2) for /() and from equation (5.13) we have
N =Fk + ;_[k:e"‘_ +k cosd,. Te™" +k,sin A, Te™" —k.] (6.3)
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d Ay, —dss dy Ay +diA
where: k1 = du. kzz%’;%: 2721 345 _ Ha4 3721

(6.4)

3 3 - iy 2 3
3 Aj + A3 A+ A5,
pe ) da, A, —d
andks = —+ + =22 21 g‘ 23/{21
A, AL+ A
(N (1) =1L, +%[£2e"=f + L cosd, Te™ +L,sinA,Te™ —L.]
D - D /1' “'3'1 ‘n
where: Li=Dy. I, = =22 . Ly = 2/’%1 —22 L, =%~
-4, A3+ A3 A+ A3y
D DA, —D.A,,
and LS:_1+—2.£1 _23 2,
A, A5y + A3,

(N3(1)) = D.

N{(ON,(0) = Hy + ~[Hye*" + He™ + H,e™7 + H, cosipTe"" +
1 2 1 T 2 3 4 5 12

22T

H,sin A, Te™" + H, cosi,,Te™ + H,sin 1,,Te” + H, cosi,,Te

s 4 25T
+H,,sinA,,Te"™ —H,]

(e
where: Hi=G,H, = 1,H3= H, =

Ay 2.4, 24,,

Gs’lm _Gé/i22 H. = Gs’?'zz _Gsﬁn

H. =
= 2 2 > & 2 2
A5y + A5 Ay + A5,

_ G—.r’;l‘zz + GEAQJ, — Gg)i'zl _Gw’:i'z:

(6.5)

(6.6)

H, = Gy Ay — Gy

2 2 : 8 2 2 E 9 2 2
Asy + A, AL+ AL 2(A2, + A2)

— 69‘222 + GIDA?I

22, + A2, and Hy; =H:; + H: + Hi+ Hs + H- + Hs.

HIO

since: Gy=d,D,.G,=d.D,+d,D,.G,=d,D,. G, = M,

G_{ :ng._1 +d4D2+ Gﬁ :d3D4 +d4Dl.. G? :dlDl +d:D1..

d,D, —d,D d,D, +d.D,
G, =d,D; +d;D,. G, =% G, = 2T,

nd

Ayy = Ay + Ay
| ; - :
and (N, (DN, (1)) =I, + =[I,e*" + I, cosA,,Te™” +1,sin A,,Te™" —I.]
3 Tl 2 2 :

D/d
Where: 1, =D/d,. I, == 1,13=[
4,

dyiy, — dsAyy
/Lgl =+ ’{gz ’

A ’ (—j d“n/%/‘! _d/1/1
I4 =D;{d2/v22+d5)"21] and I)_ :‘Dl[_1+ 2721 3 42]

A3y + A3s A, ;"2214_/1’32

1 . Ay - Ay
(N, ()N, (1)) = J, + F[Jge’ifr +J, cosdy,Te™ +J,sinA,,Te™ —J,]
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ra Y
' Dd | DyAgy —DyAs, |
Where: J; = Did,, J, = =271, J,=Dj| =2 72|
A \ An+An )
(D, +D, 2, D, D,A, —D,A,
J,=D]| —5———| and J; =D+ —=—==1.
. At ) 5 A3 + Aa;

and (N, ()N, (N, (2)) = F —}[er“‘ +Fe ™ + Fe™ + Fcosdyre™ + Fsind g™ +

F. cosAte™" + F,sin /,,te™" + F,cosite”" + F, sin24,,te”*" — F, . (6.9)
E, E, E. E. A, —EA,, E; A, +E A,
Where: F=E.F,=—F=—"F=—" F=—"7% .:/“:F{‘: -f\:- R
4 24, 24y Ayt Ay At Ay
g B Edn p EintEis o Ela=Ein po Eint Bk
A T3 Az T A5 ) 24 +4) 2(25, + 422)

andF,, =F, +F,+F, +F, +F. + F,.

Since:

d,D, +d,D,
2

E.=(d,D,+d,D,)D, E,=(d,D, +d,D,)D,.E. =(d,D, +d,D,)D,.E, = (d.D, +d,D,)D,,

E =d,D,DE, =(d,D, +d,D,)D|,E, =d,D,D|,E, = D|( )

By definition of Gt we can calculation for Nt Nty and Nift)  and by definitions of

€, and €, (0= J=E=12.3) L0 can calculation for Vit it} and Nyft) Nt} Nat).

CONCLUSIONS

In this paper we considered two nonlinear systems one of them is of two equations and the other is of three equations,
describing the evolution of rather complicated, the multispecies systems the iterative solutions are obtained where we are
interested to study the Non-linear systems; so we achieved three requirements (i) study of equilibrium points and the
associated stability, (ii) Analytical approximate solutions are obtained and lastly (iii) the correlation functions are
computed. This study has been limited on the chronological correlation functions of the two type’s; auto and cross. That
is to reach the expense of second and third- correlation functions.
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