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Abstract:-
To develop equations to calculate the half-life of lead isotopes theoretically and compare them with practical results by 
assuming a simple mathematical model based on the probability of forming alpha particles inside the parent nucleus 
before tunneling decay them. It is assumed that the presence of an alpha particle inside the nucleus has a Coulomb effect 
dependent on the reduced mass of the alpha particle with the core, reducing the rest of the effects on the effective potential. 
The effective radius depends on the mass number of the core and the cluster. The model assumes that there is a number 
of collisions before tunneling decay, taking into account the existence of the potential barrier penetration coefficient,
which expresses the potential permeability of the potential barrier to the alpha particles within it. The model assumes 
that the Gamow coefficient is dependent on the atomic numbers of both core and cluster, the reduced mass, and the effect 
of the energy of the alpha particles and takes into account the value of the Coulomb effect. 
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INTRODUCTION 
In the beginning, the models that took into account the relationship between alpha decay half-lives and energy of alpha 
particles for even – even nuclei are presented; Nearly a century ago, Geiger and Nuttall [1] found that the logarithm of 
the half-life in alpha decay is inversely proportional to the energy of the outgoing alpha particle (i.e., the decay energy 

Qα). A straight line was obtained by plotting the logarithm of the half-life versus for groundstate transitions of even 
– even nuclei. Viola and Seaborg [2] generalized the Geiger – Nuttall law with additional adjustable parameters and 
proposed a simple formula for alpha decay halflives of heavy nuclei. Parkhomenko and Sobiczewski [3] presented a new 
version of the Viola–Seaborg formula for heavy and super heavy nuclei. Recently, the renewed interest in alpha decay 
systematic has been stimulated by the unified description of various hadonic decays. A unified law (New Geiger–Nuttall 
law) of alpha decay was proposed [4, 5]. Heavy nuclei tend to be unstable because of the Coulomb repulsion of the large 
number of protons carried by it. As the alpha particle is highly stable and tightly bound structure, hence, it becomes the 
natural choice of these heavy nuclei to get rid of some of its extra positive charges through alpha decay [6], we 
phenomenological formula provided relationship connecting the half-life and the energy of the α-particles. Α-decay
studies have been reliably used for providing valuable information about the ground state half-life, ground state energy, 
nuclear spin and parity, shell effects, α-decay plays a significant role in the study of nuclear structure and in the synthesis 
of new super-heavy elements. The Coulomb interaction between the two nuclei with is the first term taken from Ref.[7], 
the interaction potential between the two nuclei can be written as the Coulomb potential, we focused only on the coulomb 
potential to show how important it is in interpreting nuclei disintegration process by alpha particles(the simple theory of 
α-decay). What is new in this work is that there is a significant difference between practical and theoretical results [8], 
and this will be treated with a theoretical model to reduce this difference between practical and theoretical results. 

1. Results and Discussion 
The nuclear system consisting of the core nucleus and an alpha nucleus (Cluster) is actually an asymmetric nuclear 
molecule [9]. Both nuclei are in the ground state and interact with each other through the nucleus-nucleus potential 
[10,11]. Condensation of valence nucleons of the parent nucleus to a Cluster is accompanied by energy release, Q ≈ tens 
of energy in MeV. The amount of energy Q is converted to the oscillatory-motion of the light Nucleus-Cluster inside the 
parent nucleus. Generally, Q is always much smaller than the exit Coulomb potential barrier, V(r),of the parent 
nucleus.The process of Cluster emission is a result of quantum-mechanical penetration through the V(r) of the parent 
nucleus [12]. 

Fig. 1  

Alpha radioactivity proceeds in two stages, the first stage;formation of an asymmetric nuclear molecule (Nucleus-Cluster) 
then the second stage is the emission of the formed Cluster (alpha decay process) [13]. The theoretical approaches to the 
description of alpha radioactivity include consideration of both stages. The main difference between them is the 
description of the alpha formation mechanism. In the adiabatic approach the nuclear molecule results from super 
asymmetric deformation of the initial heavy nucleus. Figure 1 taken from demonstrates an example of how this stage 
proceeds. In the non-adiabatic approach the nuclear molecule results from quantum fluctuation or quantum fragmentation 
in the initial state of the heavy nucleus. As a result of the repeated collision of alpha particles with the potential barrier, 
it is possible to penetrate it (see Appendix 1) 

�� = ����� … (1)

�� defined as the probability of formation of the α-particle as a separate cluster inside the parentnucleus before the 
emission process, the range of values should be, 0 < �� ≤ 1, In our search we took a value of �� equal to one. 

The number of collisions per second carried out by the alpha with the potential barrier depends on its velocity, which can 
be found from the energy of the movement of the alpha particles, taking into account the value of the reduced mass of the 
system, depending on the mass numbers of the core and the cluster, At maximum speed, the total energy of the system is 
the sum of the two potential energy and the alpha particle decay energy, allowing the calculation of the velocity of the 
alpha particles (see Appendix 1). In range is equal to twice the effective radius between them, and the frequency is: 
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The interaction potential between the two nuclei can be written as the Coulomb potential, we focused only on the coulomb 
potential to show how important it is in interpreting nuclei disintegration process by alpha particles (the simple theory of 
α-decay). The penetration of the alpha particles to the potential barrier depends on the ratio between the intensity of the 
current wave and the intensity of the falling wave, showing that the probability at the edge of the potential barrier 
decreases exponentially with increasing distance (see Appendix 1) 

But 

We arrive at the proposed final picture of the linear relationship between the half-lives of the matrilineal nuclei of the 
nuclei - the maturation of the root of the dissolution of the energy of the alpha particles, (See Appendix 1) 

Where 

It is similar in style to the famous Geiger and Nuttall formula. In this work we consider the alternate approach and present 
direct calculations of the half-life of the heavy nuclei. The nuclei considered are the even-even isotopes of all known α-
emitters, starting from �� = 178 up to �� = 194, and �� = 82. 

Heavy nuclei Pb (� = 82) are unstable because of the Coulomb repulsion of the large number of protons inside it. Since 
the α-particle is highly stable and tightly bound structure, for the reasons, it becomes the natural choice of these heavy 
nuclei to get rid of some of its extra positive charges through α-decay. We phenomenological formula provided 
relationship connecting the half-life and the energy of the α-particles. α-decay studies have been reliably used for 
providing valuable information about the ground state half-life, ground state energy, nuclear spin and parity, shell effects, 
α-decay plays a significant role in the study of nuclear structure and in the synthesis of new super heavy elements. The 
comparison of our calculations and the experimental data [14-22] for typical nuclei is given in table (1). Comparing the 
predicted half-life given by our formula model, for nuclei 178-194Pb, with the corresponding experimental data, one notices 
that the results of our formula model are good agreement with experimental data. Therefore, the studies indicate that, the
formula model may provide an accurate description for the considered nuclei. 

Table (1). Comparison of the calculated logarithms partial α-decay half-lives for even–even Pb nuclei with the 
available experimental data. The frequency are also shown for nuclei.  
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Fig. 1. The logarithms of experimental and theoretical partial α-decay half-lives (in s) for the even–even Pb 
nuclei with neutron number 96 < N < 112 as a function of Q −1/2 (in MeV−1/2). The straight lines show the 

description of the formula law with C1 and C2 values fitted for nuclei.

Figure 1 shows the results obtained with the formula of Eq. (5). By comparing it with Table 1, one can see that although 

a smaller number of adjustable parameters (two) used by the formula, it suitable describes measured half-lives .  

Comparing theoretical with experimental data, one can observe that the quality of description of by the formula is 
quite similar to that of the GN formula which uses two fitted parameters. 

3. Conclusion 
we have evaluated the alpha decay half-lives of Pb (� = 82) isotopes in the region 178 ≤   ≤ 194 within the Coulomb 
Potential Model (CPM) of our formula, for all the transitions with minimum angular momentum transfer (� = 0), have 
analyzed the behavior of these isotopes against alpha decay and thus have verified the role of neutron shell closure � = 
126 on the alpha decay half-lives. We obtain approximately the half-lives and the frequencies. 
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Indexes
Theoretical Description of  � −Particles Emission alpha particles emission relies on  calculating the rate of emission rate 
of emission = decay constant �� decay constant is product of frequency factor and transmission coefficient

�� = ���� … (1)

But, additional factor should be multiplied by equation(1), is probability of preformation of  � −particles inside the parent 
nucleus (��).�� defined as the probability of formation of the � −particle as a separate cluster inside the parent   nucleus 
before the emission process the range of values should be, 0 < �� ≤ 1.

�� = Pα��� … (2)

In our search we took a value of Pα equal to one.

�� = ��� … (3)

Frequency (The assault.1 frequency of the α-particle at the barrier) :

Alpha particle (cluster) is moving inside unstable nucleus distance is twice distance between two centers of cluster and 
(core) residual nucleons of parent nucleus distance = 2���� … (4)

Where, �0 is ideal radius, ��, �� are mass numbers of cluster and core nuclei, respectively.
Alpha particle (cluster) have kinetic energy

Where, is reduced mass of cluster and core nuclei

At maximum velocity of cluster nucleus,  At  
���= � … (10)

�� = �� + (�) … (11)

Where, ��, �(�) are kinetic energy of   cluster and potential well respectively

�=
����
��+��

  …(7) 

��
2 =

2���
�

  …(8)

�� =√
2���
�

  …(9)
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Time to cross unstable nucleus (parent nucleus) is ��

But, how many times the α-particle (cluster) hit barrier per second or knocking rate? The answer to this question is to find 
frequency

Transmission Coefficient: .2
�� defined as the current density (flux) in region of incident wave to the current density (flux) in region of incident
wave. 2-1. Time – independent Schrodinger Equation: 

�

Where � =��,�= (�) distance between cluster and core, and (in one dimension �), Ψ=� (�)

Multiplied by equation(20) 

Divide space into three regions 2-1.a. In region �: 
Let 

is wave

�2

��2 �(�)−
2�

ℏ2 �(�)�(�)

= −
2�

ℏ2 ���(�)  … (21)

�2

��2 �(�) =
2�

ℏ2 �(�)�(�)

−
2�

ℏ2 ���(�)  … (22)

�2

��2 �(�) = −
2�

ℏ2 [��

− �(�)]�(�) … (23)
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Number

Real

Multiplied by equation (26) �2, �2 = −1 �2

Multiplied by equation (28) −1

Either 

Separation of variables 

Integration 

�� �(�) = ��� + �1 … (38)

Where �1 is constant of integration 

(42)
Or 

Separation of variables 

Integration 
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�� �(�) = −��� + �2 … (49)

Where �2 is constant of integration 
�(�) = �−���+�2 … (50)
�(�) = ��2�−��� … (51)
�(�) = ���−��� … (52)

��←(�) = reflection wave … 53)
The solution of equation (26) 

�(�) = ��→(�) + ��←(�) … (54)

�(�) = � ����+���−��� … (55)

Is traveling wave ��, �� are complex coefficients 2-1.b. In region ��: 
(�) i.e. �� < 0 imaginary 

Equation (26) become 

the solution of equation (59) 
���(�)

= ����(−��1)�+����−�(−��1)� … (63)
��(�) = �����1�+����−�1� … (64)

��(�) is standing wave 
���, �� are complex coefficients 2-1.c. In region ���: 

(�) i.e. �� > 0

real 
Equation (26) become 

the solution of equation (65) 
���(�) = ����→(�) … (66)
� (�) = �������� … (67)

���(�) is traveling wave 
��� is complex coefficient 2-2. Probability Density: 

|�|2 defined as number of particles traversing unit area perpendicular to ( in any direction) in unit time, |��∗|
2-2.a. In region �:
probability density of incident wave defined as 

→(�)|2 = |���������−���|  … 69)
|��→(�)|2 = |��2�0|  … (70)
|��→(�)|2 = |��2|  … (71)

2-2.b. In region ���:
probability density of incident wave defined as 
|����→(�)|2
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= |����→(�)����∗ →(�)|  … (72)
|����→(�)|2

= |�������������−���| … (73)
|����→(�)|2 = |����2 �0|  … (74)

|����→(�)|2 = |����2 |  … (75)

2.3. Particle Current Density (Particle Flux): 

� defined as �=
2-3.a. In region ���:
From equation (67)

transmitted probability particle current density is 

But, momentum is ���= �ℏ
��

From equation (41) 

Incident probability particle current density is 
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From equation (85) and (95) 

2.4. Determination Complex Coefficients , : 

Rule: are continuous at � = and � = �, where thickness of barrier. 

2.4.a. At = 0: 
Boundary barrier 

Ψ(� = 0) = Ψ��(� = 0)  … (99)
ΨI→(� = 0) + ΨI←(� = 0)

= Ψ�(� = 0)  … (100)
���0+���0 = ����0+����0 … (101)

��+��= ���+�� … (102)
Derivatives

�
2.4.b. At = : 
Boundary barrier 

Ψ�(� = �) = Ψ���(� = �)  … (107)
Ψ�(� = �) = Ψ���→(� = �)  … (108)

����−�1�+�����1� = ������� … (109)
Derivatives 
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These equations (102), (106), (109) and (111) contain five amplitudes system of linear these equations 
                                                                   ��+�� − ���−��� + 0����= 0 … (112)

����−���� + �1���−�1��� + 0���= 0 … (113)
0�� + 0�� + �−�1���� + ��1����

− ������� = 0 … (114)
0�� + 0�� − �1�−�1���� + �1��1����

− ����������
= 0 … (115)

Solving this system by forward eliminations coefficients matrix 

In the following can be written system

Number of equations less than number of unknowns
There are infinite number of solutions suppose new variable let

From equation (122)

Volume 04 Issue 01-March, 2018 18



From equation (121)

From equation (120)

Volume 04 Issue 01-March, 2018 19



….. (144)

….. (145)
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a1

Volume 04 Issue 01-March, 2018 21



This ratio is complex its complex conjugate is 
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But 
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From equation (98)

Important factor in most physical cases is exponential, usually the term in front of the exponential ignored

2.5. Determination Gamow factor: From equation (58)

If � (�) is not constant, i.e. �(�) varies with � 

Where �1, �2 are the classical turning points, i.e.points at which ��=� (�)
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If barrier is broken up between �1, �2 into �adjacent barriers of thickness ∆�

Total transmission coefficient

Where ��, �� are atomic numbers of cluster and core nuclei, respectively.

From equation (192) and (198)
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The integral involve of the form he solution by trigonometric substitutions as follows

Let

And

Let
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But
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From equation (204)
2� 

From equations (17) and (238) into equation (3)
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But
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