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Abstract:-

This work is about studying biological system interactions which founded in two types. Also it is one of modeling topics
that based on the use of non-linear ordinary differential equations. Consequently, the mutual affect between the
interactive groups is estimated. In addition the elements of the same group to chronological correlation functions are of
second order form. Therefore, the reflection of mutual affects is due to the existence of the set of solutions. First we choose
a simple model of single species of biological system, where we can get the solutions of the governing equations. And
then calculate the correlation functions related to the solutions. After that we study the evolution of the lotka-volterra
interacting model, then we get the solutions of nonlinear system by approximated method, and evaluate the correlation
functions.
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INTRODUCTION

As Kapur [3] says in winding and deepening the scope of mathematical biosciences, we are not first restricted to the use
of mathematical techniques already known. In fact, one role of mathematicians interested in biological and medical
problems is to evolve new mathematical methods for dealing with the complex situations. Kapur [4] analyzed the stability
of continuous and discrete population models, in his work, he examined the stability of models for interacting species
with same points of equilibrium, using difference equation system. In [5, 6 ] it were studied moments for some general
birth death processes, determined the moments of all orders for the probability distribution of ultimate size of the
population the generalized birth and death processes with twin birthsusingthe difference equation technique.It had
been shown in [7] that equilibrium point for predator-prey models with discrete time lage is always unstable.The
use of hypergeometric functions to generalized Birth and death processes is given by Kapur in [8] he enumerates
the number of possible relations between probabilitiesof ultimate extinction of birth and death processes.In another paper
[9] titled some mathematical models for population growth, itdecided one of the most successful models for
explainingthe growth of populations of bacteria and even of humans is the so-called Logistic model all orders for the
probability distribution of ultimate size of the population the generalized birth and death processes with twin births using
the difference equation technique. It had been shown in [7] that equilibrium point for predator-prey models with discrete
time lage is always unstable. The use of hypergeometric functions to generalized Birth and death processes is given by
Kapur in [8] he enumerates the number of possible relations between probabilities of ultimate extinction of birth and
death processes. In another paper [9] titled some mathematical models for population growth, it decided one of the most
successful models for explaining the growth of populations of bacteria and even of humans is the so-called Logistic
model.

The combined use of game theory and modified volterra equations in describing the population dynamics is treated by
Kapur [10] he concluded that volterr’s system of differential equations for n interacting species has been modified and it
is shown that the modified system is equivalent to the system of cubic differential equations obtained earlier for animal
conflicts from considerations of theory of games. In his study of nonlinear continuous- time discrete- age- scale population
models, he showed that whenever the corresponding linear model predicts exponential growth, the nonlinear model gives
a stable equilibrium age-distribution [11]. The study of the effect of harvesting on competing population. he showed that
for the simplest competition model for two species there are four nondegenerate possibilities for ultimate behavior
according as (i) the first species alone survives, (ii) the second species alone survives, (iii) the two species coexist, in
stable equilibrium and (iv) the two species coexist in unstable equilibrium, and the survival of first or second species
depends on the initial population size [12].

The optimal foraging and predator-prey dynamics by Vlastmil K-Rivan in [13] is treated for a system consisting of
population of predators and two types of prey. The dynamics is described by differential equations with controls the
choice of these controls is based on the standard assumption in the theory of optimal foraging which requires that each
predator maximizes the net rate of energy intake during foraging. The proposed a model to describe the interaction
between a diseased fish population and their predators he analyzed the stability of equilibrium points for a large range of
parameter values, it established the existence and uniqueness of solutions and found that the solutions are uniformly
bounded for all non-negative initial conditions [14]. In model which is proposed by chattopadhyay and Bairagi predicts
that a deadly disease and predator population cannot co-exist [14]. In [15] manipulated the spatial dynamics and cross-
correlation in a transient predator-prey system. It was found that during the exponential population growth, beetles were
generally strongly negatively cross-correlated with the prey at local spatial scales. It simulates the partiallyextended
interactions in predator-prey coupled map lattice model and used this model in investigating the effects of global and
local prey reproduction, in the presence and absence of global stochasticity, on predator and prey spatial structuring and
crosscorrelation.

The effects of correlated interactions in a biological convolution model with individual-based dynamics is a research
given by [16]. In his study it recognized, models of biological convolution in which a species is defined by a genome in
the form of a finite bitstring, and the interaction between species i and j are given by a fiseed matrix with independent,
randomly distributed elements Mj;. This means that species whose genotypes. Differ even by a single bit may have
completely different phenotypes, as defined by their interactions with the other species. [17] Introduces the concept of
coherence into the predation of biological system through his work titled on the influence of noise on the critical and
oscillatory behavior of a predatorprey models: coherent stochastic resonance at the proper frequency of the system. In
[18] introduces variational iteration method for solving multispecies lotka-volterra equations. And [19] studied a modified
algorithm for approximate solutions of lotkavolterra systems. While [20] has proposed utility functions and lotka-volterra
model: A possible connection in predator-prey game. Susmita paul [21] introduces numerical solution of lotka-volterra
prey predator model by using runge-kutta fehlberg method and laplace a domain decomposition method. Yigit Aksoy in
[22] he discussed application of perturbation-iteration method to lotka-volterra equations. Noura taher in [23] studied
analysis of hybrid dynamical systems with an application in biological systems.

This paper is about studying biological system interactions which founded in two types. First we choose a simple model
of single species of biological system, where we can get the solutions of the governing equations. And then calculate the
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correlation functions related to the solutions. After that we study the evolution of the lotka-volterra interacting model,
then we get the solutions of non-linear system by approximated method, and evaluate the correlation functions.

LOGISTIC MODELS
The logistic models are based on a Logistic equation defined as follows:
Let x (t) be the population at time t; b and d be the intrinsic or specific birth and death rates, respectively. This leads to

Malthus model (1798) [3]:

dy/dt =bx—dx=(b—d)x=ax. (2.1)
when b, d and a are constants, by integration we get:
x(2) = x(0)e™ (2.2)

so that the population grows exponentially if a >0, decays exponentially if a <0, and remains constant if a=0. In general,
b is a monotonic decreasing function of x and d is a monotonic increasing function of x so that a is a monotonic decreasing

function of x. _ )
hence we write: & [ df = x|b(x) — d(x)|= xa(x).

. . (2.3)
Bx)y =0, dix) =0,
The simplest case arises when
B(x)=b—b,x . d(x)=d,+d.x, a(x)=a—cx, a=b—d,, ¢=5b+d.
B b, d,.d. ac>0, (2.4)

(2.5)

where we assume for the present that: X = &, / &,
however, x = by &7, the birth rate 13 taken as zero. from (2.3) and (2.4), we get Logistic model

o x(a - cx) (2.6)
dt
Integrating (2.6) we obtain
x(t) = ————— (27)
[alc —a
1 +| - |e
Wx(0)

zo that, as [ —o0, x(@) —a'c . If x0)< a'c | then dodr s always positive and X7 |ncreases to a limiting population
size afc. Ifx(0)> a'c | then dhv'dl is always negativeand x(1) decreases to a'c ( see Fig. 2.1 The final population size

in any case is a/c, and since
a b —-d b
— <= (2.8)

1

c b,+d, b
- oy I i AT e . . .
when x(0)< a'c, condition (2.3) i aways satisfied and birth rate always remains positive, Thus we shall assume that

xif= ale.

x(1)

Differentiating (2.6), we cbiain:

d%x " a '
— =ga—-2ex=2| ——Xx ' (2.9)
at- \ 2e ]

If x/0)=a'(2c) , then dh/'at increases as x varies from x{0) to @/(2c) and decreases as x varies from a/(2c) to a'c . do/dl
Changes from an increasing to a decreasing function &t * =@(2c). and & x/dt” vanishes when x = a/(Ze) g that
there is a point of inflection in the population growth curve when half the final population size is reached. From (2.7), the
point of inflection occurs at time:

¢ —iJ i arc _1\ l

17 L L x(0) jJ- (2.10)
If x (0)> a/ (2¢), there is no point of inflection.
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Generalized Logistic Models
This model is a member of class of models which gives sigmoid growth cure with a limiting population size and a point
of inflection. In model:

& o xa() ,a(x) <0 (211)
I _

afx) 1z any positive monotonic decreasing function of x. If af) vanizhe: at x =k, then | gives limiting size of the population.\

-

dx ;
Since: e = @(x) = xd(3) + a(x), (2.1.2)
[
afx) vanishes atx = &, and a(X) is always negative, we have:
@(k) = ka(k) <0 (2.1.3)
zo that, at x = & odo'dr iz zero, &gt is negative, and x attains its maximuem value, also
#lx, )= x a(x,) +alx,). x0=x(0) (2.1.4)

If ¢1x, )= 0. thea@Xiwill. b general, be a continuous function which is positive at xo and negative at k and, therefore, it

will at vanish some point between Xo and, k. Hence a necessary condition for the existence of a point of inflection is that.

Xpd(xy )+ aln ) = 0. (2.1.5)

Thus, when afx) 15 a positive monotonic decreasing function of x, (2.3) gives a Generalized logistic model with

a limiting size k and a point of inflection at Fi= kif (2.1.5) is satisfied and:

. Cop ) ) (£.1.0]
-ﬂ{:l'tj = l:'= 'E:_a{;:_ ,l an I:I':-'i--__} == D: k_ < |‘r_
Another generalization of the logistic model of some interest is given by:
dc  a £x (2.1.7)
—=—x1 —| = |
df o Lk
when o =1, (2.1.7) reduces to the logistic model ; when o — 0, it Zives:
2.1.8
ax _ acln k _ ( )
dt X
) (2.1.9)
or dvi/di=allnk-y), yv=hx
so that In x satisfies a linear differential equation. Integrating (2.1.8) or (2.1.9), we obtain the Gompertz growth law
x =%, exp| (In—)(1—e™=) | (2.1.10)
X,
Evolution Equations and Solutions of the Generalized Logistic Model
In the generalized logistic model we have:
£=E{1_ff' | & is a real number (2.2.1)
af o .
Integrating equation (2.2.1) we have:
k.x
() = = = = (2.2.2)
. A -=
()| 1+ | | —1le = ‘
‘ L x(0) .
For =1 and k= 2 \we have the Pearl-Verhulst Logistic Model:
&
dx } (2.2.3)
—_=ax —cx*
GL

Correlation Functions
we shall select the generalized logistic model to compute the pair-correlation function associated with its solution, then

A ) a=lLz_=.
evaluate that function for Pearl-Verhulst model as a special case when €

For the generalized logistic model from equation (2.2.2) we have:
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(-
-—T |
&

o™ [ 1l+ce a
= n - + =T 3.
e ) rJ(Mzﬂ:l}ﬂ,_.:I,_[ ' Titq - 1 (2.3.1)
| y
- i I 1+|:: eqi'-h' cil-g-")
and: a0y =—2% (274 ——mE ) (232)
: alx(0n-" ="'l e L\ I+¢ )+ Xl+ce !
From equations (2.3.1), (2.3.2) and by definition in [1, 2] we can calculate G ()
Iterative Solution of Lotka-Volterra Model for Two Specie Systems
In Lotka-Volterra model the basic equations can be written as:
ﬁ =a N, —eg NN, a,o >0,
da ) (3.1)
an, = =—a. N, + . N\NaLa o, =0
dt
(3.2)

Let N(f)=N,+&m{) =amd N,{)=N., +&,7.(I).
Substituting (3.2) into (3.1) then neglect the terms containing powers of ¢ greater than or equal to 2 we have

d}?' = A6+ rn.()+e,

(2.3)
DL~ pan @)+ a0+
Where: 8 =a —en Ny, 7 =%\:.8:" @ =@’ P: =ac.;i
y=-0,+a.N .o = uﬂ-ﬂd Nz = NNy

In matrix form equatlon 3. 3) take the form

a(n)-(8 7Y m)-(2) o

We shall solve the equation

d‘?h+ﬂ A(’h"'Q |

3.5
dtl g, +L2, ) L +02, (3.)

-

(B n o of @
era- A= *lan =4 )
where: '\ﬁ Y2 d‘ (9] | e,

WEE2 2
Assuming that: _
(77 + €2WZ) — == (3.5a)
Leads to the set of linear algebraic equations:
|'f.|'5"_ -4 h \|'f'='311\H
. B Fo— AN &)
Which determine the eigenvalues and eigenvector of A
Now the eigen values of 4 are given by |A — Al =0 (3-7)

B -4 7
.ﬂ: Fam A

Then: A° —bA+c =0

=0 (3.6)

Or =0 (3.8)

3.8a
Where:b=§F +7, and c=@8y. -7 ( )
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The roots are:

=E:'tu"b:—4r:

. (3.8h)
U.I.._ 2
For &7 = de = .A; A are real number,
For 8" = de— 4, = A, = % are equal real mumber,
For &7 = deo — A A, = A, are complex mumber.
Case (1):If b = deweobtain A, — A,, and A =4, (3.9)
. h++b" —4c : b—+b —4c
Whers: 4,, = D and 4, = 3
Form (3.8b) into (3.6) can be obtain the eigenvectors
- 1 b - s 1 ™
g =l | and £° =i i (3.9a)
!-,_ a. ) '-,_'1: 14
F.Tn.'here:g_=_[:ﬁl_".‘l:| and a =_U3 —Ay,)
Substituting Form (3.9a) into (3.5a) we have:
. Nl i AT . Ty,
(p+0) "= | e*fand (17 + )7 () =i e (3.9h)
T \ ez )
The general solution of the equation (3.5) are:
m(t)=ce™" +c.e™ -0, (3.9
Ac
17, (1) = cyae™ + c,a,,8"  — Q).
Form (3.9c¢) into (3.2) we have:
N(@t)=de"" +d.e™ +d;,
] . (3.10)
Nz{r) = .DIQ/-HE +D;|_E/1 - +D3.
Where: {?T: =8, ﬂ!; =cLE, ﬂrJ =Ny—&. D =ca.e,. D, =c,a,,8,
and Dy =N, —£,0Q,.
Caze (2): If p* = 4 we obtain: 4, = A, = A, (3.11)
. b
Where: #1ly:2 = By
Form (3.11) into (3.6) can be obtain the eigenvectors
., 1
£ _ 2 =( ] (3.11a)
S E
— —A
Where: a2,; = (5 13) .
1
Substituting Form (3.11a) into (3.5a) we have
PL Y -\h .
r+fP @ =| " |,
3J (3.11h)
. 1Y Tas]
[:;+ﬂ]"'(:)=|:| |r—! 23 |:|e" :
(W W Haa
Fadhs =¥ 1- (5, - 2.)a..
Where: &, = r—— . and a, =————""—=
i {JS - =:}(.?; - -:'_ ;:zl.lg.' Y1
() =cle™ +cte™ —Q, (3.110)
A1c
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17,(£) = Cle™™ + c a te™ — Q.
Where: ¢, =¢, +C,2,, and C] =ca,+c,d,,.
Form (3.11c) into (3.2) we hawve:

N(»)=dle™" +d,e"" +d,,

(3.12)
N,(B) =Dy + Dte™" + D,
Where: d; = ¢,5,, D, = Cl&, and Dy, = c,a,:5,.
: 2 ; 3 . ; . . - (3.13)
Caze (3):If &~ < de we obtain: A = Aj; + 1A 5and A, = Ay —idy;
i Wae— b7
Where: A,y = ————.
- 2
Form (3.13) into (3.6) can be obtain the eigenvectors:
- - ) ' 1 =
gV = 1) and g"'=| ] (3.13a)
\ a2, — B, ) \a,, +ib |
-8+ A Ay
Where: &1, = A, L3 B ==
g Y1
Substituting Form (3.13a) into (3.5a) we have
) Yo (S S S
i+ = ) gt
Wy — ibzul
(3.13b)
- 771 i 1 \. - .=
(m+Q )7 ()= I A
' ) s 20y
The general solution of the equation (3.5) are:
m(t) =c¢, cosdyte™’ +c,sm.ifte™’ — Q)
(3.13c)

172(2) = (qas — €3 byy ) cos Apte™ +(ebys +cra4)sin Apste™ — O 10 (3.2) we have:

N, () =d, cos A, te™ +d, sin A, te™ +d,,
) ) ) (3.14)

N,(£) = Dy;cos iyte™ + Dy;sin yte™ + D;.
Where: D13 = (C1EI1+ - C:bH)E-': and DB = (C:Eh _"1"1:)51-

We can treat the nonlinear problem iteratively considering NHt). N221 rom three cases as a 1 approximation
12 o] . . . .
NN hen the 2nd iterative solution can be obtained from

ey
“r'?;: =a N —aNPNP,

I - ) ) (3.15)

T

Form equations (3.10) or (3.12) or (3.14) into (3.15) and integration (V' (£), N2 (£).
Similarly can be obtained the 3rd approximation (N7 (£). N2V ()}

Second-Order Correlation Functions

To evaluate the pair correlation function between V1) and Nt} we need (N, (£)). (M. (2)) and (N, ()N, ()
using equation in [1.7] sinee Nify) and Mii) are given m Sec 3 we shall evaluate each expectation value of f(t)
In case (1):From equaticn {3.10) we have:

Volume-7 | Issue-1 | Feb, 2021 18



Al ]
Ay

(N, () =x, +%[I_.£‘;' T +x,e

where:x, =4, x, =ﬂ1— X, =ﬂr— andxs = x7 + x5
A oy 2

N.O) =3 + 117, 4 pet - p]

D

where: y, =D, 1, =
ES

VP =, + H et

(A4, +4,0T — X, .

(4.1}

(4.2)

(4.3)

24.T
X & X e -
3 2 N 24 d. 2 b 2d.d.
where: x =-=i"?.--‘f-=_d'd'.-x.==+;x_.= 4 X = d: LIy = and x
- A i 24 24,7 (4, +4.)
=Xy T Xps T Xpe X T Xps .
T Z 1 i i T
ANy =+ F[}';;E d Pl Ty - T
e T 1y i 21-] (4.4)
h D 2D 0D y 2DD, I: . ;
where v, =D T p— Vo= ] Y, =— v =2
I ) A Aya H 24 | ! 24 B

2D.D,

¥ =m and ¥z =¥z + Frz + ¥oa s

(N (@). Ny (1)) = By + %[E:e*' T+ Eye™ T + Egotarl o

Ejng'.”.'l'- _'_Eﬁng'.,_-r _E—]

where: E, =d.,D,, £, =——— 5 -
A Az

dD, _ d.D,
E=——hi=jT;m£:B—£—£—&—E

24
In case (2): From equation (3.12) we have
{N(E)y =3 +%[z;ea T+ z,Te™" —z

=]
Nl

d, d, ,
where: £, =d,, I, =— —— and I; = —
CF Apa /"_‘.
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(4.6)
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- %, 1 i.T 24T i, T 24T 1 24T
::j[.‘-.ll:z']]‘_j:-=zu—?[r-_:e" +rpe T w2, T8 42 e v Te 7 -] (4.8)

. 2did, 2d.d; dl dld. d,
where: 7, =d;. z, =(——- ;_: =). Z3 = [:2/..' Y +—= )k
T

S E] b b
L, _2dds | dld 4l
. . PN . ) = 217 = zp3 + =S
13 ’ 13 245 . 24

IV, @Oy =wy, + % [we™7 +wype™ T, Te™7 +w Tet™ +w Toe™™ T —wi.] (4.9)

Df DIIDZZ ‘D'_':

_2D.D, 2D.D,

there: w,, =D, W, . w,, = L - —33 '
where I : 12 %, z ) 13 {:21{__3 222, 42,
2D, D, " (D::D33 D3 )W D:, and
=— . Wy = - — o Wi = Wir = Wiz + wis
o Ay ! Aps 243, & 24,

. Te" +z, 7" —z,]. (4.10)

F, D F, F, F,
where: E, =8, Fm =(—— _ﬁ"}__ Tyy = (- — -53
B #13 ] 24; 44 444,

):

F, F, F.

F
Toyy=—,Zas=(7———M\ F:e=,,, and zxr =z + oz
Az 245 245 <3

Since: F, =d, D, F, =d/D, +d.D,., F,.=d\D . F.=d,D, +d.D..,

In case (3): From equation (3.14) we have:

1 . . )
{M&ﬂ;ﬁ+FWﬁm@JWF+E5m%JEJ—HL (4.11)

dd,+d. A,
1.1']:I.E’1'E:P=EI1;=P_ === ad P, P
Ay + 45, A+ A5,

_d A, +d A,

(N () =0+ %[Q: cosyTe" " + 0y sin 2y Te" " Q] (4.12)
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JE-":||=/--_'= _D_'=/-|=
Ao+d, : PR S

IN,(O1 =R, +%[P,'_.e'“' T4+ P cosA, e + Pl sin A, Tt +
P, cos2i. Te* "™ + P, sin A, T e™ 7™ — P.] (4.13)
B g Pu-Bur

where: P\ =B,. B, = - e a— : o —
24 ALy + A, Afs + A3y

— I:;J/':E + 34/".3

. Pii:—Pgiy o, Bl +Bl
= E P = T ad PP s PP
2055 + 433)

S +d: dl —d;
swee R=ai, 7= 7% R-2dd, P=2dd:; P =S5 g
B =dd,
V@ =2, +%[Q,’_.3"':' T4+Q cosi TeT + 0 sin A Te' T +
Ol cos2iyTe™™ T + O sin24,:T e "7 — 0] (4.14)
S e OAs — O Al
here- Q' =0 . O/, ===, Q L= =137 ,.._.}4. 23
wherelld, =L 2z 24, 2 ,-{1'3 +,{33
0 =it 2Oty o Qi =Ols o Ousos = Oz
T A am T 2@ ey T 2 A
and QN7 =00+ 0 +0is
since: O, = D;. Mf:=%, Ol =2D.D.. O, =2D.D:.
D} -Di; ,
0. =—= 5 == amd H],E—DBD,

(N CONL (0 =1, +Jlr[f_.e-”- T4 LeosA e 1, sin . TeN +
(4.15)
I cos2A, Te"™ +1 sin2Te ™" —1,.]

HA.—-H. i,
where: I, =H,. T =:L"j1 .= " __-"-':g*=H-f'j-._-+{1_T4f"-.:
- LY Ayy + A Al + AL,

LA — i H A +H 2
=Mf=; and I-=L+1=L.

Wa A 2 =2
snce: H,-dp, 2 -2Put%Ds g _4p.dD,. H =dD +dD,,
H:=dD_.,:a‘:D::_.andHI.=d’D:::a‘_.D:_

From definition in [1, 2] we can calculation G'*' () for Nift) , Nt and calculation © () for /A0, Mt and Nicg) Nt

CONCLUSIONS
This paper is devoted for studying a simple model of single species of biological system, where we can get the solutions
of the governing equations. And then calculate the correlation functions related to the solutions. After that we studied the

evolution of the lotka-volterra interacting model, then we got the solutions of non-linear system by approximated method,
and evaluate the correlation functions.
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